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' Abstract 

This paper is concerned with the interaction of two solitons of nearly equal speeds for 
the (|BBM|) equation. This work is an extension of [31] addressing the same question for 
the quartic (gKdV) equation. We consider the (jBBMj) equation, for A e [0, 1), 

(l-\dl)d t u + d x (d*u-u + u 2 ) = 0. (BBM) 

Solitons are solutions of the form R^ tXo (t, x) = Q^ix — fit — x$), for fi > —1, xq G R. 
For fio > small, let U (t, x) be the unique solution of (|BBM[) such that 



£T> ' lim \\U(t)-Q^ M (. + fi t)-Q^{.- fi t)\\m =0. 

First, we prove that U(t) remains close to the sum of two solitons, for all time t £ R, 



G\ ' C/(i,x) = Q M1 (t)(x-yi(t))+Q M2( t)(a;-?/2(i))+e(*) where IK*) II < Mo 

O 

with yi (t) — i/2 (t) > 2|ln/io| +0(1), which means that at the main order the situation 
is similar to the integrable KdV case. However, we show that the collision is perfectly 
^ ■ elastic if and only if A = (i.e. only in the integrable case). 



1 Introduction 

We consider the so-called Benjamin-Bona-Mahony equation, for A € (0, 1), 

(1 - \d 2 x )d t u + d x {d 2 x u - u + u 2 ) = 0, t,x€R. (BBM) 

We refer to Appendix ICl below for obtaining (jBBMp from the following more standard form 
of the equation 

(i-d 2 x )d t u + d x (u + u 2 ) = o. (i.i) 

Recall that (jl.ip was originally introduced by Peregrine [ID] and Benjamin, Bona and Mahony 
[2] as an alternate model to the standard integrable (|KdV|) equation, corresponding to A = 0, 

d t u + d x {d 2 x u + u 2 ) = V. (KdV) 
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The Cauchy problem for (jBBMp is globally well-posed in H 1 (see [2]), and any H 1 solution 
u(t, x) of (jBBMp satisfies for all t G R, 

{\{d x uf + u 2 ) (t) = M(u(t)) = M(u(0)) (mass) (1.2) 

{d x uf + u 2 - ^uA (t) = £(u(t)) = £ MO)) (energy) (1.3) 



/( 



It is also well-known that the (jBBMp equation has soliton solutions : for \i > — 1, set 



where 

Q( x ) = o — rT77\ solves Q" + Q 2 = Q- 

2cosh^(f) 

Then, for any \x > —1, y£R, R^ )y (t, x) = Q M (x — fit — y) is solution of (jBBMI) . 

1.1 Review on the collision problem for (KdV) type equations 

We briefly review some results concerning the problem of collision of solitons for (KdV) type 
models and we refer to the introduction of [31] for more details. 

First, it is very well-known that the (jKdVp equation has explicit pure iV-sohton solutions 
( [E], [12], [31]): for any given c\ > ... > cjy > 0, . . . , G R, there exists an explicit 
multi-soliton solution u(t, x) of (jKdVp which satisfies 



lim 

t— >±oo 



N 

i=i 



for some y^~ (such solutions were found using the inverse scattering transform). 

Stability and asymptotic stability of iV-solitons were studied by Maddocks and Sachs 
in H N by variational techniques and in the energy space H l by Martel, Merle and Tsai |33j . 



Second, recall that LeVeque [23J further investigated the behavior of the explicit 2-soliton 
ution u above in the asymptotic n = 
that for some explicit functions Cj(t), yjyt) 



solution u above in the asymptotic n = §jtpf| small i.e. for nearly equal solitons. It is proved 



sup 

t,xEM 



u(t,x)-c 1 (t)Q(y^^(x-y 1 (t)))-c 2 ( y t)Q( v ^(F)(x-y 2 (t))) <Cfi 2 , (1.4) 



Moreover, mmt^(yi(t) — y2(t)) = 2| ln/i| +0(1), which means in particular that the minimum 
separation between the two solitons goes to oo as e — >• 0. See [23J for a more precise statement. 

Collision problems for (gKdV) and (BBM) have also been studied since the 60's from both 
experimental and numerical points of view (see [12], 07], @S], [I], [S], [3], [IS], [HSJ, [H], [§], 



However, except for some integrable equations for which special explicit solutions are 
known, the problem of describing rigorously the collision of two solitons is mainly open. 
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Now, we review some recent rigorous works related to the interaction of two solitons in the 
nonintegrable situation for the generalized KdV equations 

d t u + d x {d 2 x u + u p ) = 0, t, x e R. (gKdV) 



Recall that solitons of ( gKdV ) write R CjV (t,x) = cp- 1 Q{yfc{x — ct — y)), for c > 0, y S R 
where Q satisfies Q" + Q p = Q. 

Mizumachi [36] studied rigorously the interaction of two solitons of nearly equal speeds 



for (gKdV) for p = 3 and p = 4. For initial data no close to Q(x) + cp -1 Q(y/c(x + L)), where 
L > is large and c, close to 1, satisfies c — 1 < e~ a", Mizumachi proved the two solitons 
remain separated for all positive time and that eventually the corresponding solution u(t) 
behaves as 

u(t) = (c+)^Q(J4(.-ctt-yt)\ +{4)^Q(j4(--4t-vt)) +<t,x), (1.5) 

for large time, for some < c t c l° se to 1 and e small in some space. The analysis part in 
[36J relies on scattering results due to Hayashi and Naumkin [151 E] and on the use of spaces 
of exponentially decaying functions (introduced in this context by Pego and Weinstein |39j). 

From [36], the situation is roughly speaking similar to the one described in the integrable 
case by LeVeque [23]. However, two main questions were left open in this work in this regime 

Is the 2-soliton structure stable globally in time in the energy space H 1 ? 

Does there exist a pure 2-soliton in this regime? 



As in the integrable case, we call pure 2-solitons, solutions of (gKdV) satisfying 



u(t) - (cf)^Q (■ - C P - yf) as t ^ ±oo in ff x (R). (1.6) 

i=i,2 

Note that if (|1.6p holds both at — oo and +oo, then necessarily c~ = for j = 1, 2 (see [30] . 
pp. 68, 69). 

These two questions have been answered in a recent work by the authors [3T]. Indeed, 
in the context of two solitons of almost equal speeds for the quartic (gKdV) equation, by 
constructing an approximate solution to the problem, we were able to prove first the global 
stability of the two soliton structure in H 1 and second, the inelastic character of the interac- 
tion. See Theorems 1 and 2 in 



We also point out some other recent works of the authors ([29], [30J) concerning the 



problem of collision of two solitons of (gKdV) for a general nonlinearity g(u) in the case 



where one soliton, is supposed to be large with respect to the other soliton, i.e. assuming 
< c\ -C C2- See also [32], with T. Mizumachi, extending these results to the (BBM) equation. 



1.2 Main results 

In the present paper, we extend the results of [31J to the (BBM) model. 

There are two main motivations to consider these questions for the (jBBMp model: first, 
the structure of the (jBBMp equation is close to the one of the (IKdVP equation but it cannot 
be considered as a perturbation of the (|KdVP equation. Second, the present paper on (BBM) 
proves that our techniques extend to quadratic nonlinearity, unlike [36J, based on scattering 
techniques critical for p = 3. 
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Theorem 1 (Inelastic interaction of two solitons with nearly equal speeds). Let A G (0, 1). 

There exist C,c,a,fx^ > such that the following holds. For < (j,q < /x*, let U{t) be the 
unique solution of (jBBMp such that 

lim \\U(t)-Q - W) (. + /i i + 5*0 + In 2)- Q^.-^t- \Y Q -]n2)\\ m = 0, (1.7) 

t — > — CO 

where Y = \ \n{nl/a)\ and a = 240/(15 + 10A - A 2 ). Then 

(i) Global stability of 2- solitons. There exist ^i(i), ^(t), Ui(t), U2(t) such that, 

w(t,x) = U(t,x) - Q^(t){x - yi(t)) - Q^ 2 (t){x - y 2 (t)) (1.8) 
satisfies, for all t GM, 



w 



mm < C\ ln Mo | 1/2 Mo, I min( yi (t) - y 2 {t)) -Y < C\ bi^W, (1.9) 



3/2 



+ (-l)Votanh( M t)| + Y !%•(*) " < CI In^olVo- ( L1 0) 

3=1,2 j=l,2 

(ii) Asymptotics and defect. The limits fit = lim/xi, /ijt" = lim/i2 exisi and 

+ 00 + OO 



c^</i^-/io<C|ln/i | 2 Vo> c^<-/x+- W <C|ln/i | 2ff / Uo- (1-12) 

It follows immediately from the lower bound (jl.lip that no pure 2-soliton exists, which is 
a new result for the (BBM) equation in this regime. 

Theorem 2 (Stability result in the energy space for (KdV) and (BBM) equations). Let 
A G [0,1). There exists > 0, C,a > 0, such that the following holds. Let fiQ G K and 
Yq > be such that 

1 /2 

/i = fAo + 4ae- yoN ) < /x*. (1.13) 



tij+oo ll U; W^ 1 (^>-(99/100)t) = 0. IkWII^CR) ^ ^Oi ( L11 ) 



Let uq G -ff 1 6e sitc/i i/iai 

||«o - Q-Ao(- - \%) ~ Qfk>{- + 5^b)||ffi(M) < <^o, (1.14) 

where < cj < | ln^ol -2 ? and let u(t) be the solution of (IBBMj) such that u(0) = no- Then, 
there exist T(t), X(t) of class C 1 such that, for all iGR, 

\\u(t + T(t), . + X(t)) - U(t)\\ HHR) + \X(t)\ + fx \f(t)\ < Ccofio + C\ In W |>o /2 , (1.15) 
where U(t) is the solution defined in Theorem^ 
Comments on the results: 

1. The (KdV) case in Theorems [T] and [2j The value A = in the BBM equation 
corresponds to the integrable KdV equation. In this case, estimates (|1.9p - (|1.10p still hold. 
Estimate (jl.9p corresponds to (jl.4p but from the proofs in the present paper, we improve the 
main result in [23] in this case by computing explicitely the term of size fi$, see Remark [3J 
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Note also that for A = 0, the existence of pure 2-soliton solutions corresponds to /ij" = 
and /4 = ~Ho in (fTTTj) and (fL~T2j) . 

Moreover, Theorem [2] holds for A = and it is also a new global stability result for the 
(jKdVp equation in the energy space. This kind of result cannot be proved by scattering 
theory. 

2. Except for the value of the constant a > 0, Theorems [T] and are exactly the same 
as for the quartic (gKdV) equation. In particular, the orders of size in fiQ in the various 
estimates do not depend on the power of the nonlinearity. Moreover, the function 

Y(t) = Y + 21n(cosh(Vae"5 y °t)) solution ofY = 2ae' Y , lim Y(t) = 2/i , Y(0) = 0. 

t— >— oo 

(1-16) 

appears in both problems and has a universal character in this problem. Note that Theorems 
[Q and [2] can be extended to any two solitons of (jl.ip of almost equal sizes using a simple 
scaling argument. See Appendix ICl 

Finally, from the present paper and [31], it is clear that the results can be extended to 
(gKdV) equations with general nonlinearities. 

3. As in [31 j . the lower bounds in (jl.lip and (|1.12j) measur the inelastic character of the 
collision. Moreover, the different exponents of no in (jl.lip and (|1.12p denotes a gap in the 
estimates which is an open problem. 

1.3 Strategy of the proofs 

We describe briefly the strategy of the proofs of Theorems Q] and El which is the same as in 
|31j . We point out the analogies and the main technical differences between the (BBM) and 
the quartic (gKdV) case. The proof of Theorem [2] is a consequence of the proof of Theorem 
[Hand so we focus on the proof of Theorem [H Let U(t) be the solution of (BBM) defined in 
Theorem [TJ 

(1) The first step is the construction of an approximate solution in terms of a series in 
e -y(*) where y(t) = yi(t) — y2(t) is the distance between the two solitons, using the exponential 
decay of the solitons. From Proposition 12.11 the approximate solution contains a tail of order 
e -y(*) between the two solitons, which is relevant in the description of the exact solution, see 
Remark [3j This tail of order e~ y ^ is not related to inelasticity since it appears also in the 
integrable case A = 0. Moreover, it does not prevent the approximate solution to be in the 
energy space at this order, since it is localized in space between the two solitons. 

In contrast, for A ^ 0, one cannot build an approximate solution at order e~? y ^ in the 
energy space, whereas it is possible for A = 0. The presence of a nonzero tail at — oo in space 
at this order is related to nonintegability and inelasticity. 

The construction of the approximate solution for (BBM) in Section 2 is more involved that 
in the quartic (gKdV) case mainly because the nonlinearity is quadratic rather that quartic. 

(2) After the approximate solution is constructed, we introduce the following decomposi- 
tion of the solution U(t): 

U(t,x) = Q Cl(t) {x - yi(t)) + Q C2{t) {x - y 2 (t)) + W(t,x) + e(t,x), 

where Q Cl (t)( x ~ Viif)) + Qc 2 {t)( x ~ V2if)) + W(t,x) is the modulated approximate solution 
and e{t) is a rest term. To prove stability of the two soliton structure, we have to control 
both the parameters Cj(t) and yj{t) and the rest term e(t). 
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From the construction of the approximate solution, the parameters Cj{t) and yj{t) have 
to satisfy an approximate dynamical system. Remarkably, it is exactly the same dynamical 
system as for the quartic (gKdV) equation (except the values of the numerical constants). 
This dynamical system, and the related solution Y(t) of the ODE 

Y = 2ae~ Y , Y(0) = Y , Y(0) = 0, 

seem to be universal in this type of problems. The control of the dynamical system satisfied 
by the parameters is thus exactly the same as in |31j and we will not repeat the arguments 
in the present paper (see Section 4). 

Concerning the control of the rest term e(t), as in [31], we use variants of techniques 
developed for large time stability and asymptotic stability of solitons and multi-solitons for 
the (gKdV) equations in the energy space, [33] , [27] , [33] and [25] , extended to the (BBM) case 
in [35], [37], [9], [TO], [UJ and [26]. At this point, we need some new refined arguments and the 
proofs are more involved than in the quartic (gKdV) case. Note that since the nonlinearity 
is quadratic, one cannot use scaterring theory from [15], [16] as in [36] . 

(3) Finally, in Section 5, we prove that for A ^ 0, the defect due to the interaction of two 
solitons is bounded from below, which implies in particular that the collision is not elastic. 

Assuming for the sake of contradiction that the lower bound in (|1.11|) is not satisfied for 
any positive value of c, we obtain first some symmetry properties (x — ► —x, t — > —t) on the 
parameters Cj(t), Uj(t) at a certain order. 

Second, using space decay properties of U(t,x), we obtain a gain in the control of the 
error term in the dynamical system satisfied by Cj(t), yj{t). Using this refined version of the 
dynamical system which is not symmetric for A / (as a consequence of the tail of order 
iVW [ n the approximate solution), we find a contradiction. 



2 Construction of an approximate solution 

We denote by y the set of functions / G C°°(E, E) such that 
Vj G N, 3Cj, Tj > 0, Vxe R, 



f ij) (x) < Cj(l + \x\) r ie 



-1*1 



Proposition 2.1. Let A € [0,1). There exist unique Aj(x), Bj(x), Dj{x), a, (3, 6, a, bj, dj 
{j = 1, 2), a > 3 and < /x* < 1/10 such that for any < /Iq < /z*, the following hold. 

(i) Properties of Aj, Bj, Dj andbj. 

Aj , Bj , Dj G L°° (R) , A'j .B'^D'^y, 

-HmAi =limA 2 = ±9 A , 6 A = \ — limDi = limD 2 = 0, (21) 

288A^ 

lim B\ = lim B 2 = 0, lim B\ = — lim B 2 



+oo +oo ' -oo -oo 15 + 10A — A 2 ' 

and Aj , Bj and Dj satisfy the orthogonality conditions of Lemmas \2.3l \2.5\ and W. 
Moreover, 

b\ = b 2 if and only if A = 0. (2.2 
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(ii) Definition of the approximate solution. ForT = Qui,j«2, 2/1,2/2); define 
V (x; r) = Q m (x - yi) + Q M2 (x - y 2 ) 

+ e -(fi-w) (Ax(x - yi ) + A 2 (x - y 2 )) 

+ 0(fii- fi 2 )xQ(x-yi)Q(x-y 2 ) (2.3) 
+ (2/1 - y 2 )e- {yi - y2) (jhB^x - yi) + ^ 2 B 2 (x - y 2 )) 
+ e -(w-w) - yi ) + M2j D 2 (x - y 2 )) , 

where 

. (1 + A)(5-10A + A 2 ) 



15 + 10A - A 2 



(2.4) 



(iii) Equation ofVo(x; T(t)). Let I be some time interval and T(t) = (fj>i(t) , fi 2 (t) , y\(t) , y 2 (t)) 
be a C 1 function defined on I such that, for some constant K > 1, 

Vt € I, Y - 1 < yi {t) - y 2 (t) < KY , \^{t)\ < 2/x , \fx 2 (t)\ < 2/x , (2.5) 

|/ii(t) + /X2(*)| <^o 2 e- y °, |yi(t) + y 2 (t)| <r 4 e"^°, (2.6) 

w/iere 

F = I ln(A*o/a)| a = 240/(15 + 10A - A 2 ). 

Lei 

Vb(*,x) = y (x;r(t)), y(t) = yi (t)-y 2 (t). (2.7) 
Then, on I, Vo(t, x) solves 

(1 - Ad 2 )<9 4 V + d x (8%V Q -V + V 2 ) = E(V ) + Eo(t, x) (2.8) 

u;/iere 

~ r)V BV 

E(Vo)= ^(^-^)(l-A9 2 )-°- ^(^-^.-^)(l-A9 2 )-° 

i=l,2 i=l,2 °^ 

Mi(t) =ae" s(t) + P m(t)y(t)e- y ^ + 5 m(t)e- yW , 
M 2 (t) = -ae~y® - (3 fi 2 (t)y(t)e~ y V - 5 fi 2 (t) e - y ^ , 
Mi{t) = ae' y ^ +b U i l {t)y{t)e- y ^ + di ^i{t)e- y ^ , U ' J) 
A^-(t) = ae-'W +6 2 // 2 (i)y(i)e-^ +d 2 ^ 2 (t)e^, 
and /or some C = C{K) > 0, 

Vi€ J, supjfl + e^^iW)) |E (t,x)|) < Cl^e-^e-^W. (2.10) 

-rem I- V / J 



Sections 2.1-2.5 are devoted to the proof of Proposition 12.11 

Note that the function Vo is not in L 2 since -Bj have non zero limits at —00. We now 
introduce an I? approximation of Vo, using a suitable cut-off function. Let ip : R — ► [0, 1] be 
a C°° function such that 

ip' > 0, tp = on R-, V = 1 on [§,+oo), (2.11) 
As a consequence of Proposition 12.11 we obtain the following result. 
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Proposition 2.2 (L 2 approximate solution). Under the assumptions of Proposition 0O1 (i)- 
(iii), let 

V(x;T) = F (^;r)v(e"5 y °x + l) , V(t,x) = V(x;T(t)). (2.12) 

Then, 

(i) Closeness to the sum of two solitons. 

\\V-{Q lll (.-y 1 )+Q fl2 (.-y 2 )}\\ L ~ <Ce~y, (2.13) 
\\V-{Q f , 1 (.-y 1 )+Q fl2 (.-y 2 )}\\ m <C^e-y. (2.14) 

(ii) Equation of V(t,x). 

(i - \d 2 x )d t v + d x {d 2 x v -v + v 2 ) = e{v) + E(t )X ) (2.15) 

where 

E(V)= Y^i^-M^l-Xdl)— - £(/^-^-A/})(l-Ad 2 ) — , (2.16) 

3=1,2 w j=i,2 

and for some C = C{K) > 0, 

Vt G I, sup{(l + e ^ x - yim) ) \E{t,x)\} < CY a e- Yo e- y{t \ 

' (2.17) 



\\E(t)\\ L2 <CY °e--^e-vV. 



(2.18) 



The proof of Proposition 12.21 being very similar to the one of Proposition 2.2 in [31] , it is 
omitted. 

2.1 Preliminary expansion 

We set 

Rj(t,x) =Q H (fi(x-yj(t)), Rj(t,x) =Q(x-yj(t)), 
ARj(t,x) = AQ H(t) (x - yj {t)), ARj(t,x) = AQ(x - yj (t)), 

and similarly for A 2 Rj, where AQ^, A 2 Q fl are defined in Claim IA~2\ 
We introduce the notation 

r(t) = O k , for k > 1, if 3a > s.t. sap{e v ® \r(t)\} < C(l + Y cr )e~^ k ~ 1 ^ Yo , 

tel 

f(t,x) = O k , for k > 1, if supjfl + e^-^W)) |/(t,x)|) = O fc . 
Define 

5(v) = (1 - Ad 2 )d t u + 9 x (5 2 u - u + v 2 ), (2.20) 

and Aij, Mj as in (|2.9p . for a, /?, J and a, 6j, to be determined. 

We look for an approximate solution of S(v) = under the form v(t, x) = v(x; T(t)), 

v = R 1 + R 2 + w, (2.21) 



(2.19) 
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where w(t, x) = w(x;Y(i)) so that using the equation of (see (|A.5|) ) and jjj^Rj = ARj 



y/j,j -~j — 3 1 

S(v)=E(v) + F + F + G(w)+H(w), (2.22) 

where 



e(v)= E (ft - Mj)(i - xa 2 )^- - E (n - vj - WO- - 

j=l,2 W j=lj2 



F = Mi(l - Xd 2 )AR x +M 2 {1 - Xd 2 x )AR 2 +M(1 - Xd 2 )d x R x + N 2 {1 - Xd 2 x )d x R 2 , 

and 



G(tu) = ^ [a^u; - ru + 2 (i?! + i? 2 ) + E 



dw 

hh = ^ K] + E - A ^ - E W - xd ^- 

3=1,2 j=l,2 

In the rest of this section, we give preliminary expansions of F and F. 
Lemma 2.1 (Expansion of F). Under the assumptions of Proposition [2H\ 

F = 28 x (RxRi) =F A + F Q + F B + F D + 2 , 

where 

F A = -12 e - y (d x R x + fli) + 12e-»(-5 a ,i2a + Ri), 
F Q = (1- A)(/ii -fi 2 )R x R 2 , 

F B = -6(1 - X)niye~ y (d x Ri + R x ) + 6(1 - X)fi 2 ye^ y (-d x R 2 + i? 2 ) 
Fc = e -!/ [/xi5ir ) i(x - yi) + /j, 2 S F)2 (x - y 2 )], 

with Sfa £ y and Sf, 2 (x) = —Sf,i(—x). 

Note that the term Fq does not exist in the quartic case (see Lemma 2.1 in |31|). The 
proof of Lemma 12.11 is given in Appendix [Al 

Lemma 2.2 (Expansion of F). Under the assumptions of Proposition [KJ\ 

F = F a + F b + Fd + 2 , 

where 

F A = (1- \d 2 x ) [ae~ y AR x + ae~ y d x R x - ae~ y AR 2 + ae~ y d x R 2 ] , 
F B = (l~ Xd 2 x ) [Pmye-VARi. + b xi i X ye^ >d x R x - p f i 2 ye~ y AR 2 + b^ye'V R 2 ) 
F D = (1- \d 2 x ) [Sme-VARx + afi 1 e~ y A 2 R 1 + d 1 fi 1 e~ y d x R 1 + a/M X e- y d x AR x 
— 5fi 2 e~ y AR 2 — afi 2 e - y A 2 R 2 + d 2 fi 2 e~ y d x R 2 + a/j, 2 e y d x AR 2 ] . 

The proof of this result is the same as the one of Lemma 2.2 in [31], thus it is omitted. 
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2.2 Determination of Aj 
Lemma 2.3. Let 



240 



a 



r, #A 



36(5 - A 2 ) 



15 + 10A-A 2 ' " A 15 + 10A-A 2 ' 

(i) There exist a and A\ £ y such that A\ = A\ + Oa^j solves 

(—LAi)' + 26 A Q' + a(l - Xd 2 x )AQ + a(l - \d 2 x )Q' = 12(Q + Q')> 
y ^i(l - Ad 2 )Q' = y*(A + - A9 2 )Q = 0. 

(ii) 5ei ^(^O = 

w A (t,x) = e-y^(A 1 (x - Vl (t)) + A 2 {x - y 2 {t))). 

Then, 



F A + F A + G{w a ) = " ^2)^1^2 

lo 



(2.23) 



+ e y [mSi(x - yx) + fJ, 2 S 2 (x - y 2 )] + 2 



(2.24) 



where S\ G 3^ ^(x) = — <Si(— a;) 
Moreover. 



£ [w A (l-Xd 2 x )R 3 +Y1 t w A {l-\dl)d x R 

(=1,2 ^ 3=1,2 ^ 



09. 



(2.25) 



Proof. Proof of (i). First, we determine a. Multiplying the equation of A\ by Q, integrating 
and using L(Q') = 0, we obtain by (TO]) and (TOl) 



a y [(1 - A<9 2 )AQ]Q = 12 j Q 2 so that 



o 



240 

15 + 10A - A 2 ' 



(2.26) 



Second, we find the value of 9a- For 9 a to be chosen, set A\ = 9a^j + Ai, so that from 
(|A.6|) . A\ has to satisfy 

(-LAi)' = -o(l - Ad 2 )AQ + 12(Q + Q') - #a(2<2 - \q 2 ) - 29 A Q' - o(l - Ad 2 )Q'. 

To find in 3^ we need 

B A = i / (-od - + 12Q) = i (-2(1 + A) + 12) /« = 15 3 f 1Q - A A _ 2) y . (2.27) 

For this choice of 9a, there exists Z £ y, J Z(l — Xd 2 )Q' = such that 



Z' = -a(l - Xd 2 )AQ + 12(Q + Q') - 9 A {2Q - -Q 2 ) - 29 A Q' '. 
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By Claim |A~TI there exists A G y such that / A(l - \d 2 x )Q' = and -LA = Z. Let 
A\= A — aAQ G ^. Then, $ A x (l - \d 2 x )Q' = and -LA X = Z - a(l - Xd 2 x )Q. Finally, we 
uniquely choose a such that J (Ax + 6 A )(1 — Xd 2 )Q = 

Proof of (ii). First, by the parity properties of Q, A 2 (x) = x) satisfies 
(-LA 2 )' + 2^Q' - a(l - X8 2 )AQ + a(l - A^)Q' = -12(Q - Q'). 
Now, we compute Fa + Fa + G(wa)- Using (|A.23j) . we have 
G(w A ) = d x (d 2 x w A -w A + 2{R 1 + R 2 ) w A ) 

+ 2d x ((/xiAi?i + ^ 2 AR 2 ) w A ) + Ml 5^ + A*2^ + 2 . 

First, 

d x (d 2 w A - w A + 2 (Ri + i? 2 ) ioa) 

= e" y (—LAi + 29 A Q)' (x - yx) + e~ y 8 x (2R 1 (A 2 (x - y 2 ) - 9 A )) 
+ e-y (-LA 2 + 26 A Q)' (x - y 2 ) + e~ y d x (2R 2 (A 1 (x - y x ) - 9 A )) . 

Using the estimate 

\A 2 {x-y 2 )-9 A \<C(l + \x-y 2 \ ul )e-^- y ^ for x > y 2 (2.28) 

and (|A.24j) . we have 

e- y R 1 {A 2 {x-y 2 )-e A )=0 2 and similarly e~ y R 2 (A 1 (x - yx) - 9 A ) = 2 . 

Thus, using the expressions of Fa and Fa in Lemmas 12.11 and 12.21 and the equations of A\ 
and A 2 , we find 

F A + F A + d x (d 2 x w A -w A + 2(R 1 + R 2 ) w A ) = 2 . 
Second, by similar arguments, 

2d, (OuiAi?! + fi 2 AR 2 ) wa) = 2fi ie - y d x {ARx{A x (x - y x ) + 9 A )) 

+ 2^ 2 e- y d x (AR 2 (A 2 (x - y 2 ) + 9 A )) + 2 . 

Finally, we compute m 5^ + \i 2 . We have 

= - WA - e~ y Ai(x -yx), = w A - e~ y A' 2 (x - y 2 ). 

dyi dy 2 

Thus, using (|2.6p . 



Mi^-^ + A*2ir^ = -{m ~ V2)wa ~ Hie y A[(x - y{) - \i 2 e y A' 2 (x - y 2 ) 
dyx dy 2 



d x R\ d x R 2 



Rx FL 2 

iixeT y {2Ax + A[)(x - y x ) - ii 2 e~ y {-2A 2 + A' 2 ){x - y 2 ) + 2 . 
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For this term, we use Claim IAT31 (see Appendix A. 2), i.e. 

■-(^-^H**+ 1-- 

We obtain 

dw A . dw A 1 Q , \ n tj 

oyi dy 2 18 

- Mie-^f^Q + 2ii + A! x )[x - yi) - fi 2 e- y (-p A Q - 2A 2 + A' 2 )(x - y 2 ) + 
Combining these computations, we obtain 

F A + F A + G(w a ) = -t^Mmi " ^2)^1^2 

lo 



+ /zxe-" (2^ (AQ(Ai + 0a)) - f 0aQ - (2Ai + A[)j (x - yi ) 
+ /j 2 e-y (2d x (AQ(A 2 + A )) + \0 A Q + (2i 2 - A! 2 j) (x - y 2 ), 



so that 

Si = 2(AQ(Ai + 0a))' - §#aQ - 2ii - A;. 
Using (I2T28]) . and / (A 1 + 6 A )(1 - Xd 2 x )Q = 0, we have 

J w A (l - Xd£)Ri = e- y f [A x (l - \d 2 x )Q + e A (i - \dl)Q] +o 2 = o 2 , 

and similarly for the other scalar products in (|2.25p . 
2.3 Nonlocalized term of order C 3 / 2 

Lemma 2.4 (Approximate solution at order O3/2 with localized error tern). Let 

M \ r r ft ^ ^ ° A (1 + A)(5-10A + A 2 ) 

WQ = e(» 1 -n 2 )xR 1 R 2 , 9 = l-X--= 15 + 1QA _ A2 ■ 

T/ien 

G(wq) = -e(ji x - ^ 2 )RiR 2 

- Mnye-Ve-^-ri (3(1?! - c^) - d x {R\) - R\) 
+ W^ye-Ve^-^ {3(R 2 + d x R 2 ) + d x (R 2 ) - R 2 2 ) 

+ e~ y (niSi{x - yi) + fi 2 S 2 (x - y 2 ) ) + 2 , 



where S\ 6 3^ Si(^) = —S2{—x). 

Proof. The proof is based on Claim [A5l in Appendix A. 
First, arguing as in the proof of Lemma 12.31 we have 

G(w Q ) = 3 X (d 2 x w Q -w Q + 2(R 1 + R 2 ) w Q ) + a . 
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Moreover, since x = ^(x — y\ + x — y 2 ) + 5(2/1 + IJ2), using (|2.6p . we have 

W Q = ~~ ^2)(» - J/i + x - y 2 )R\R 2 + 2 . 

Therefore, using Claim IA751 and the asymptotics of Q from (|A,14[) . we get 

G{wq) = --6{m - H2)d x { - dl{(x - y\ + x - y 2 )R\R 2 ) + {x — y% + x- y 2 )RiR 2 

- 2{R X + R 2 )(x-yi + x- y 2 )RiR 2 } + 2 
= -0(ni - n 2 )RiR 2 

- Wmye-Ve-^-ri [Z(Ri - d x Rt - d x (R 2 )) - R\) 
+ m^ 2 ye-y e (x -^ (3(i? 2 + d x R 2 + d x (R 2 )) - R 2 2 ) 
+ e~ y [pLxSx(x - yi) + ^2^2(2; - 2/2) ) + C 2 , 



where S\ and S 2 satisfy the desired conditions. 



2.4 Determination of Bj and Dj 

Lemma 2.5. Let 

Z(x) = 6(1 - \)e~ x {Q - Q') + 60e- x (3(Q - Q' - (Q 2 )') - Q 2 ) 
= 120(1 - A) ^ 144A 2 



□ 



15 + 10A-A 2 ' 15 + 10A-A 2 ' 

(i) There exist unique b\ and B\ £ y such that B\ = B\ + 9b ^1 + 7^ satisfies 

(-LBi)' + 0(1 - X8 2 X )AQ + fei(l - A<9 2 )Q' = Z 
j Bx(l - \d 2 x )Q' = f \d 2 x )Q = 0. 

(ii) There exist unique b 2 and B 2 £ y such that B 2 = B 2 — Ob + -jy^ satisfies 

{-LB 2 )' - A9 B Q' - 0(1 - \d 2 x )AQ + 6 2 (1 - \d 2 x )Q' = -Z(-x) 
J B 2 (l - \d 2 x )Q' = j(B 2 - 29 B )(1 - \d 2 x )Q = 0. 

Moreover, 

b 2 -b 1 = ^ A = 0. (2.29) 

(iii) Set 

w B (t,x) = ye-»W(Mi(t)Bi(x - j/i(t)) + Hi(t)B 2 (x - y 2 (t)). 

Then, 

F A + F A + G(w A ) + G(w Q ) +F b + F b + G(w B ) 

= e~y U (5i + Sx)(x - yi ) + v 2 (S 2 + S 2 )(x - y 2 )} + G 2 , (2.30) 
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Y, [ w B (l - Xdl)Rj + Y, [ w b(1 - \dl)d x R 

i=l,2 J j=l,2 J 



O 



5/2- 



(2.31) 



Proof. We follow the strategy of the proof of Lemma 12.31 The only difference is that we now 
look for solutions B\, B 2 both with limit at +oo. 



Proof of (i). We find the value of (3 from the equation of B\ multiplied by Q, using (|A,9j) 
and (TAl8l) . 

J Q(l - Xd 2 x )AQ = ^(15 + 10A - A 2 ) 

= J ZQ = (3(1 - A) + 99) J e~ x Q 2 - 109 J e~ x Q 3 = 36(1 - A). 

Next, from (lA"X2|) . dAlJl) . (TOl) . we have 

j Z = 6(1 - A) y Q + 60 ^3 y Q - 2 y e~ x Q 2 ^ = 36 ((1 — A) — 0) = 26U, 

and we find 9b by integrating the equation of B\ {29b = f {—LB\)') 

288A 2 



20 B = -3/3(1 + A) + 2fl A 



15 + 10A-A 2 ' 



We now obtain the existence of B\ £ 3^ as in the proof of Lemma [2.3l with b\ uniquely chosen 
so that /5i(l - A<9 2 )Q = and ) B x (l - A<9 2 )Q'=0. 

Proof of (ii). We solve the equation of B2 exactly in the same way. We check that the 
values of (3 and 9b are suitable to solve the problem, and we obtain unique B 2 £ y and b 2 so 
that JB 2 (1 - \d 2 x )Q' = f(B 2 - 29 B )(l - Xd 2 )Q = 0. 

We now check that h / b 2 for A ^ 0. Let B(x) = Bi{x)-B 2 (-x) = B!(x)-B 2 (-x)-29b. 
Then B G ^ and 

-L5 + (61 - b 2 )(l - \d 2 x )Q + 89 B Q = 0, J(B + 40 B )(1 - A<9 2 )Q = 0. 

Then, multiplying the equation of B by AQ, integrating and using LAQ = — (1 — Xd 2 )Q (see 
Claim \A~2\ (ii)). we obtain 

J B(l - \d 2 x )Q + (61 - b 2 ) J (1 - \d 2 x )QAQ + 80 B / QAQ = 0, 

and so, by / QAQ = ±(A + 3) / Q, 

(&i - b 2 ) J(l- \d 2 x )QAQ = 49 B (J Q - 2 j QAQ^j = -29 B (X + 1), 

and thus, in view of the expression of 9b, we obtain 

61 = b 2 44> A = 0. 



14 



Proof of (iii). We finish the proof of Lemma 12.51 as the one of Lemma 12.31 In particular, 
using the limits of B\ and B 2 at ±00 

G(w B ) = nive-v(-LB 1 ) , (x - y x ) + fi 2 ye~ y (-LB 2 - A9 B Q)'{x - y 2 ) + 2 . 

This, combined with the equations of B\ and B 2 and Lemmas 12.11 12.21 12.31 and IA.5I proves 
(|2.30p . Note that tog is not in I? since it has a nonzero limit at —00. However, it has 
exponential decay as x — ► +00. This allows us to prove that all rest terms are indeed of the 
form 2 (see notation 2 in (|2.19p ). 

The control of the various scalar products is easily obtained as in Lemma 12.31 from the 
properties of B\, B 2 . □ 

Finally, we claim without proof the following result. 
Lemma 2.6 (Definition and equation of Wd)- Let 

S = -S FA - Si - Si - (1 - \dl) (aA 2 Q + a(AQ)') . 

(i) There exist unique 5, 9 B , d\ and F>\ G y such that D\ = D\ + 0r> ^1 + ^-J satisfies 

(—LD\)' + 5(1 - \d 2 x )KQ + di(l - \d 2 x )Q' = S{x) 

(ii) There exist unique d 2 and D 2 G y such that D 2 = D 2 — Od ^1 + ^-J satisfies 

(—LD 2 y - 5(1 - \d 2 x )KQ - AB D Q' + d 2 (l - \d 2 x )Q' = -S(-x) 



(iii) Set 



w D (t,x) = e- yi - t) {nx{t)D 1 (x - yi{t)) + ii 2 {t)D 2 (x - y 2 {t)). 



Then, 



F A + F A + G{w A ) + G{w Q ) + F b + F b + G{w b ) + F D + F D + G{w D ) = 2 , 



[ wd{1 - Xdl)Rj + f uj d( 1 ~ \d 2 x )d x R 

: — 1 o " a — in*' 



i=i,2 



3=1,2 



O 



5/2- 



We do not need to compute d\ — d 2 , this is the reason why the exact expression of Si and 
Si are not needed. 

2.5 End of the proof of Proposition 12. ll 

Set 

V^o = i?i + i? 2 + Wo, Wo = WA + Wq + Wb + WD- 
From the preliminary expansion (|2,22p . we have 

S(V ) = E{Vo) +E , E = F + F + G(W ) + F(W ). 

In view of notation (|2,19p . estimate (|2.10p holds true for some a > provided that Eq = 2 . 
From Lemmas E3 E2 and ESI we have F + F + G(W ) = 2 . Thus, we only have to 
check that H(W ) = 2 . 

First, d x [Wq] = 2 . Second, since \Mj\ + |A/}| < Ce~ y , we also obtain 



3=1,2 

Thus, Proposition 12.11 is proved. 



dW 
3 d N 



3=1,2 



dW 



Oo. 
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3 Preliminary long time stability arguments 

3.1 Stability of the 2-soliton structure in the interaction region 

We start with the decomposition of any solution of (jBBMp close the approximate solution V 
(introduced in Proposition \2.2\i by modulation theory. See Appendix B for the proof. 

Lemma 3.1 (Decomposition around the approximate solution). There exists ojq > 0, C > 0, 
y~o > such that if u(t) is a solution of (jBBMp on some time interval I satisfying for 
< to < u , y > y 

Vtel, inf \\ U (t)-V(.;(0,0,y 1 ,y 2 ))\\ m <u, (3.1) 
yi-y2>yo 

then there exists a unique decomposition (T(t),e(t)) of u(t) on I, 

u(t,x) = V(x;T{t))+e(t,x), T (t) = {^(t) , // 2 (t) , y x (t) , y 2 {t)) of class C\ (3.2) 
such that Vt 6 /, 



(3.3) 



e(t,x)(l - \dl)Rj(t,x)dx = J e(t,x)(l - \dl)d x Rj(t,x)dx = 0, 
y(t) = yi (t) - y 2 (t) >y - Cu, \\e(t)\\ H i + \m(t)\ + \fi 2 (t)\ < Cu, 

(1 - \d 2 x )d t e + d x {d 2 x e- e + 2Ve + e 2 ) +E(t,x) +E(V) = 0, (3.4) 



where Rj(t,x) = Q^.^ix — yj(t)) and V, E(t,x), E(V) are defined in Proposition \2.2l 
Moreover, assuming 

Vt€/, (|Mi(t)| + |A*2(t)|)y(t)<l, (3.5) 
T(t) satisfies the following estimates 

\fij-Mjl < C[\\£\\ 2 L2 +ye- y \\e\\ L 2 + J + R 2 ) 



lij-ilj-Mjl <C , [||e|| £a + J \E\(R 1 + R 2 ) 



(3.6) 



The next proposition presents almost monotonicity laws which are essential in proving 
long time stability results in the interaction region. They will allow us to compare the 
approximate solution V(t, x) with exact solutions. The functional is different depending on 
whether H\{t) > fi 2 (t) or pb\(t) < ^ 2 {t). 

The constant < p < 1/32 to be fixed later, set 

2 

ip(x) = — arctan(exp(8px)), so that lim^ = 0, limy? = 1, 

7T — oo oo 

VxeM, <p(-x) = l-<p(x), <ff(x) = , ( 3 ' 7 ) 

7TCOSh(8/9X) 

|^(x)|<8p|^(^)|, W"{x)\ < (8p)V(*)l- 
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Proposition 3.1 (Almost monotonicty laws). For p > small enough, and under the as- 
sumptions of Lemma \3.1\ let 

F+(t) = J (d x e) 2 + e 2 -^{(e + Vf-V 3 -W 2 e) + J [\{d x ef + e 2 ] $(t, x), (3.8) 



where &(t,x) = /j,i(t)<p(x) + (Jv(t)(l - f(x)); 



(d,Ef + E 2 -i((e + Vf-V*-3V 2 s) 



*i(t,s) + y [A(^e) 2 + e 2 ] $ 2 (*,x), 

(3.9) 



where 



&i(t,x) 



(p(x) 



1 - f( X ) (f. (± \ MlftM^) | M2(*)(l-¥>(g)) /„ ln v 
+ 77" 7TTTTT, <£ 2 ^,:r) = — TTTTf H 77 , /,» 2 • W-IU) 



(1 + MlW) 2 (l + M*)) 2 
There exists C > suc/i i/iaf 

<cr + (i), 11^)11^ <c^_(t). 

Moreover, 

(i) If t £ I is such that 

Hi(t)>H2(t) and y 2 {t)<--y(t), yi{t)>-y(t), 



(3-11) 



(3.12) 



then 



T + {t) < C\\e\\% \e~iy + (l/iil + |/i 2 | + ||e|| L2 )(e- 2 ^ + || £ || L2 )1 + C||e|| L2 ||£|| i2 . (3.13) 



(ii) If t £ I is such that 



Vi(t) > Hi(t) and y 2 {t) < -jy(t), yi(t) > jy{t), 



(3.14) 



then 

d_ 

dt 



T-(t) < C\\ef L2 \e~\ y + (l/ixl + |/x 2 | + \\e\\ L 2)( e - 2 ™ + ||e|| L2 )l + C||e|| L2 \\E\\ L2 . (3.15) 



See proof of Proposition 13.11 in Appendix iBl 

Remark 1. T/ie introduction of almost monotone variants of the energy and mass is related 
to Weinstein's approach for stability of one soliton fj^ji an d t° Kdto identity for the (gKdV) 
equation (see I TED - These techniques have been developed in \27f , \33^ and then extended in 

w®, n, wsi and jny. 



3.2 Stability of the two soliton structure for large time 

In this section, we present a stability result for the two soliton structure for large time, i.e. 
far away from the interaction time. The argument, similarly to the one of Propositions 13.11 
is based on almost monotone variant of energy and mass. As a corollary, we obtain a sharp 
estimate for large negative time on the pure two solution solution considered in Theorem [TJ 
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Proposition 3.2 (Stability for large time). For < p < 1/32 small enough, there exist 
C > and such that for p,Q > and co > small enough, if u(t) is an H 1 solution of (jBBMD 
satisfying 

IK*o) - <2-mo(- + Mo*o) - Q w (- ~ Moio)!!^^) < ^Mo, (3.16) 
/or some to < — (PMo) 1 ) log /xo| , then there exist yi(t), y 2 (*) and p±, p\ such that 

(i) For all t < t < -(pp y 1 \ log /x 1 , 

IK*) -Q-moG — 2/i(*)) -Qmo(- - 2/2 (*)) || tfi^) < Cu^o + Cexp(-4p^oN), 
J/l(*)-y 2 (*)>^o|*|, (3-17) 
I - Mo - yi(t)\ + |/txo - y 2 (t)\ < Cup + Cexp (-4p^ |*|) • 

(ii) For all t < to, 

\\u(t) -Q- M0 (. -yi(t)) -Q At0 (. - y2(*))||//i( M ) < Cu^ + Cexp (-4/^ |*ol) , 
yi(*)-y 2 (*)>^o|*| ; (3-18) 
I - Mo - 2/i(*)l + I Mo - y2(*)| < Cw/io + Cexp (-4p^ M) • 

(iii) Asymptotic stability. 



lim 



= o, 

m( x <$L\t\) 

lim y 1 (t)=/i+ lim y 2 (t)=p+, (3-19) 
t— >— oo " t— >— oo 

I Mi" + Mo I + IM2 ~ Mo I < Cujpo + C exp (-4p^ |*o|) • 

See the proof of this result in Appendix [Bl 
Remark 2. Using the invariance of the BBM equation by the transformation 

x->-x, t->-t, (3.20) 
it follows that a statement similar to Proposition \3. ^1 holds for to > (PMo) -1 ) l°gMo| • 
Corollary 3. Let u(t) be the unique solution of (jBBMp satisfying 

ji^o IK*) - Q-moC + Mo*) - Qim>(- ~ Mo*) ll^i = o. 
Then, for all t < — (ppo) _1 | logMoli 

|K*) - Q-moC +Mo*) - <2 Mo (- - Mo*)|| ffl < exp (— 4p A i ]*|) ■ (3.21) 
We refer to Theorem 1 in [11] for the existence and uniqueness of the solution u(t). 

Proof of Corollary [3| assuming Proposition \3.2l For fixed t, we can pass to the limit uj — > 0, 
to — > — oo in (|3.17p . Then, we integrate the estimates on yi(*) and 2/2 (*) (see (|3.17p ) from 
—00 to t. □ 
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4 Stability of the 2-soliton structure 

In this section, using the approximate solution constructed in Propositions 1 2 . 1 1 and 1 2 . 2 1 and the 
asymptotic arguments of Section 3, we prove the stability part of Theorem [T] and Theorem [51 

4.1 Description of the global behavior of the asymptotic 2-soliton solution 

Let < p < 1/32 being fixed as in Propositions I3.ll and 13,2] Recall that a > 3 is defined in 
Propositions 12,11 and 12.21 

We recall the following notation from the introduction 

Yq = | ln(//o/a)| or equivalently /j,q = \fot& ~2 Y °, (4-1) 

Y(t) = Y + 2 ln(cosh(^ t)) solution of Y = 2ae~ Y , lim Y(t) = -2/x , Y(0) = 0. (4.2) 
Note that Y(t) = 2/xo tanh(^o^) and, for all t G R, 

< Y(t) - (Y + 2p \t\ -2 In 2) < 2 exp (-2/j \t\) . (4.3) 

Proposition 4.1 (Description of the 2-soliton solution in the interaction region). 
Let U(t) be the unique solution of (jBBMp such that 

t hm^ \\U(t) - Q_ w (. + \Y(t)) - Q M (. - lY(t))\\ Hm = 0. (4.4) 

Let T > be such that Y(T) = 400p~ 2 Yo- Then, for /xq > small enough, there exists 
(T(t),e(t)) G C 1 suc/i ttot /or a// i G [— T, T], 



and 



U(t, x) = V(t; r(t)) + e(t, x), r(t) = (fx 1 (t), fJ , 2 (t),y 1 (t),y 2 (t)), 

\m\<Yoe- Y( \ \m\<Y^e-^, (4.5) 

M*) - Y(t)| < CY° +l e-l Y °, \y(t) - Y(t)\ < CY° +2 e~l Y \ (4.6) 

\\e(t)\\ m <CY%e-\ Y \ (4.7) 



where 



fj,(t) = m{t) - fj, 2 {t), y(t) = yi(t) - y 2 (t), 
fl{t) = fn(t) + fi 2 (t), y{t) = Vl (t) + y 2 (t). 



(4.8) 



Moreover, there exists to such that 

M < CY%e-\ Y \ fM(t ) =0; Vi £ [-T,t ), M (t) < 0; Vt G (t Q ,T], fx(t) > 0. (4.9) 

The proof of Proposition 14.11 is omitted since it is exactly the same as the one of Propo- 
sition 4.1 in [311 . using Sections 2 and 3. 
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4.2 Conclusion of the proof of the stability of the 2-soliton structure 

In this section, we finish the proof of the stability part of Theorem [TJ 

Proof of (fTT9|) (fTTTUT) and partial proof of (fTTTJ) and (fTT2l) . Let T > be defined as in 
Proposition 14.11 We prove the existence of fij(t) and yj(t) and estimates (|1.9p ~ (|1.10p sepa- 
rately on (— oo,— T], [— T, T] and [T, +oo). It is straightforward that the functions (ij(t) and 
Uj(t) can be ajusted to have C 1 regularity on M. 

For t < -T, Corollary [3] clearly implies ([Hfll - tfTTTl . 

On [— T, T], (jl.9|) — (jl.lOp are direct consequences of (|4.5|) — (|4.7p and (|2. 14[) (comparing in 
H 1 the approximate solution with the sum of two solitons). 

Remark 3. By (077]) and the definition of V (see ([23D and (j242|) ). fort £ [-T,T], 

\\U(t) - R^t) - R 2 (t) - e-y^(A 1 (. - yi {t)) + A 2 (. - y 2 {t)))\\m < CYfe"^ , (4.10) 

where fort close to 0, the term e~ y {A\(x — y±) + A 2 (x — y 2 )) is indeed relevant as a correction 
term in the computation of U(t). In view of the behavior at ±oo of the functions A\ and A 2 
(see Lemma \2. 3\) . this term decays exponentially for x > yi(t) and x < y 2 (t) but contains a 
tail for y 2 {t) < x < yi(t). Note that this tail also appears in the integrable case i.e. for A = 0, 
and thus it is not related to the lack of integrability. 

Now, we consider the region t > T. By (USD, T > ^%p~ l Y Q e^ Y ° > 10(^>// ) _1 | ln/^ |- 
From (g3D , ([H]), (gTTD and (pTEI)) written at t = T, 

\\U(T) - Q MT) (. - yi (T)) - Q w(r) (. - y 2 (T))\\ < CY^e'l^ < C'Y£ e~l Y ° (i , 

where \m{T) - /i | + |/x 2 (T) + ^ | < CY 2 e~ Y °. 

Therefore, we can apply Proposition 13.21 backwards (i.e. for t >T - see Remark [2]), with 
u> = C'Yfi e~± Y ° . There exist y\(t), y 2 (t) and (if = lim/ii, (if = lim(i 2 , such that 

+oo +oo 

w(t) = U(t)- Q W(T) (. - yi(t)) - Q M2(T) (. - V2(t)) 

satisfies 



sup \\w(t) \\ H i < CY£e * Y °, \\w(t)\\ H i {x> _ {gg/100)t) =0, 

tg[T,+oo) t^+oo 

- /x | + \(if + (i \ < CY 2 e~ Y \ limy., = (if (j = 1, 2). 



(4.11) 



Finally, using the conservation laws and the above asymptotics for w(t), we claim the 
following refined estimates on the limiting scaling parameters: 

0< (if - (i <CY^e' 2Y °, 0<-(if-(i <CY^e- 2Yo , (4.12) 

which is a consequence of (14. lip and the following lemma. 

Lemma 4.1 (Monotonicity of the speeds by conservation laws). There exists C > such 
that 

> -i- 

3^ 



-^e y °lim sup |K*)||ii < ^- - 1 < CeMiminf \\w(t)\\ 2 H1 < CY^e'^ 
^e Y ° limsup \\w(t)f H i < - 1 < Ce Y " liminf \\w(t)\\ 2 Hl < CY^e'^ 
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Proof. We first write the conservation of mass and energy for U(t) (see (|1.2p and (jl.3p ) and 
then pass to the limit t — ► — oo, t — > +00, using (|4.1ip . It follows that the limits lim +00 M{w) 
and lim +00 £(w) exist and 



M(Q M0 ) + M(Q_ W) ; 

£(Qno)+£(Q-» ) = 



= M{Q^)+M{Q 4 ) + \\mM{w) 
£(Q^)+£(Q 4 ) + lim£(w). 



(4.13) 
(4.14) 



Let 



£(Q I10 )-£(Q 



"1 



Mi 



Ho j 



M(Q M +)-M(Q w ; 



^2 



M^-M^) 



so that by (jATT|) and (BTTl) . 



^1 
Mo 



< 



;y 2 



-Mo 



< 



We combine (|4.13[) and (|4.14p to get 



limfH = vi{M(Q u+ ) - M(Quo)) + v 2 (M(Q i 



{v x -v 2 )(M{Q 
( I / 1 - I / 2 )(M(Q- 



M(Q„ ))-i/ 2 limMH, 



+00 



MO , 



M(Q (i +))-i/! IimM(w). 

^2 +00 



Since ||w||l°° < CIMIff 1 < Cl^fe 4 y °, we have 



- limsup \\w\\ Hl < lim£(w) < 2 liminf ||to|| Rl , 

and by + | z^2 1 < 3, for /io small enough, we obtain lim +00 £(u>) + f 2 lim +00 M(w) > 
ilimsup +00 lim +0O + v\ lim +0O M(iu) < 21imsup +oc 



2 

By ^Qm| m=0 > °> and so for a11 ImI < 2 Mo, -£tQij.' > C > 0, we get (|4.1Hp and 



(HUD. 



□ 



For future reference, we observe that the following hold for t € [— T, T] 

!(z-2/i(*))|P7ff < fiyVp-Yor-Yit) \\F,(t)\\ r „ < nV nf >-J Y o P ~ Y W ? (4.15) 

(4.16) 



supjl + et^ 1 ^!^,^!} < Cy o V ro e- r W, P(t)|Ua < ^e" |ro e 
I Ai - < CF CT e- 2yb , - — A/}| < Cy a e- t y o . 
4.3 Proof of Theorem [2 

First, we claim a refined stability result around the family of asymptotic 2-soliton solutions 
(defined in the next claim) in the spirit of Proposition 13.21 but without the exponential error 
term (see (I3.17p - (|3.18p ). The proof is given in Appendix B. 

Proposition 4.2 (Sharp stability). Let U be defined as in Theorem^ For /j, > small 
enough, if u(t) is a solution of (|BBMp such that 

\\u{T l )-U{r l )\\ m =u:^ (4.17) 

for some T\, where < u> < | ln/io|~ 2 , then there exist f £ (T(t), X(t)) E M. 2 such that 

Vt G R, ||u(t + T(t),x + X(t)) - C/(t)||#i + \X(t)\ + e~^ Y °\f{t)\ < Cw/i . (4.18) 
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Now, we prove Theorem [2j Let /2q G M. and 1q > be such that 



is small enough. Let uq G -ff 1 satisfy f)l . 14j) and let u(i) be the corresponding solution of 
(IBBMj) . We assume that fiQ < 0, the proof being the same in the case jlo > by using the 
transformation x — > —x, t — > — t and translation in space invariance. 

For this value of fiQ, let U(t) and Y(t) be defined as in Theorem [1] and Sections 4.1 and 
4.2. Recall that for all t, Y 2 (t) + 4ae" y(t) = 4/^. Since y > Y , there exists f < such 
that y(Tb) = Yq, so that ^(Tb) = 2/Zo- We claim that for some A\ G R, 

\\U(T , . + Xx)- Q_ Ao (. - f ) - Q Ao (. + f < C| ln Mo r +2 ^ /2 . (4.19) 

Indeed, if To < — T, thenwe use Corollary [3l Otherwise, by Proposition (|4.ip . we have 

\y(f ) - Y(f )\ < C\ ln Mo r +2 Mo /2 > lk(^o)||^ < C| In^olVo 72 , 
\Hl{f ) + ±Y(T )| < C| hi M |Vo, l/" 2 (T ) - |F(f )| < C| ln M |Vo- 

Using in addition (12.141) . we get (|4.19j> . 
By ([Ug]) and ([TTTi]) . we obtain 

||uo - «7(r 0l . + < Cw/xo + C| l n/ u r + Vo /2 , 

and by Proposition 14.21 we obtain (|1 . 15[) . 

5 Nonexistence of a pure 2-soliton and interaction defect 

In this section, we complete the proof of Theorem [T] by proving the lower bounds in (|l.lip 
and (fLT2|) . 

5.1 Refined control of the translation parameters 

Now, we introduce specific functionals Jj(t) related to the translation parameters yj(t) to 
obtain a refined version of the dynamical system. 

Lemma 5.1. Under the assumptions of Proposition \4^1\ for j = 1,2, let 



Jj(t) = _ A d2) A Q]Q J £ (t> x )0- ~ ^d x )Jj(t,x)dx, (5.1) 

where Jj(t,x) = J_ ARj(t,y)dy. Then Jj(t) is well-defined and the following hold 

(i) Estimates on J a. 

Vt G [— T, T], + |J 2 (t)| < Cy CT+1 e-t y o. (5.2) 

(ii) Equation of J j. For j = 1,2, 



Vi G [— T, T], 



-^JjW-Oij-Vj-Mj) 



< CY£ +2 e~i Yo . (5.3) 
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Remark 4. The constant f ((1 — \d 2 )AQ)Q is not zero (see (|A.9P ). 

Note also that J A ^ (see t|A.8j) ). and so the functions Jj(x) are bounded but have no 
decay at +oo in space. Therefore, Jj{t) is not well-defined for a general e G H . Part of the 
proof of Lemma HOI consists on obtaining decay in space for e(t) in order to give a rigorous 
sense to Jj. 

Remark 5. Estimate (|5.3p says formally that fij — ijj — Mj is of order O7/4, which is an 
decisive improvement with respect to (14.160 (gain of a factor e~^ Y ° ). 

Proof. Preliminary estimates. We work under the assumptions of Proposition 14. 11 and on the 
interval [—T,T]. First, we claim exponential decay properties of U(t) on the right (x > y\{t)). 

Claim 5.1 (Decay estimate on u(t)). There exist C > 1 and po > 1 such that for all 
t e [—T,T], for allX > 1, 

[ (U 2 + (d x U) 2 )(t,x)dx < Ce- poXo . (5.4) 

Jx>X () +yi(t) 

Recall that the proof of Claim 15.11 is obtained by 

3 m JI^II^>±l*l) = ° 
combined with monotonicity arguments, see e.g. [10J for the case of the (jBBMD equation. 
Estimate of Jj . Note that Jj does not belong to L 2 (see Remark H|) but satisfies 

sup((l + e-^-% (t)) ) \Jj(t,x)\ \ <C. (5.5) 
It follows from (15. 4h . (15. 5j) . and the decomposition of U(t) in Lemma 13. II that 

\Jl(t)\<C I \e(t,x)\\(l- Xdl)Jj(t,x)\dx + C I \e(t,x)\dx 

Jx<yi(t) J y 1 (t)<x<y 1 (t)+W P Q 1 Y 

+ C f \e(t,x)\\(l- Xdl)Jj(t,x)\dx 



<C(l + y )||e(r)|| L oo+C / \U(t,x)\+Ce- 5Yo 

J x>y 1 (t)+10p- 1 Y 

< CYJ +1 e-i Yo . 

Moreover, using yi(t) — y2{t) = y(t) < Y(T) < CYq, one gets by similar arguments 

IJ2WI < cy CT+1 e-f y °. 

Equation of J\. To prove (|5.3fl . we make use of the equation of e (see (13. 4j) ). and of the 
special algebraic structure of the approximate solution V(t,x) introduced in Propositions 12.1 1 
andO We have 

J [(1 - Xd 2 )AQ]Q\ j t J x (t) = J (1 — Xdl)d t eJ x + j sd t (l - Xd 2 x )J 1 . 
First observe that 

/x f x ( dAR dAR 1 
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Thus, by \Mj\ + |A/}| < Ce~ Y °, < Ce^ y °, (fTOj) and (H3D, we have 



edt(l- Ad 2 ) J, 



(5.6) 



Next, using (|3.4p and <9 x Ji = ARi, we have 

y (1 - \d 2 x )d t eJi = j\d 2 x e-e + 2Ve + e 2 )A^i 



EJ X + 



J E(V)J!. 



For the term / (<9|s - e + 2Ue + e 2 )Ai?i, we argue as the proof of Lemma 13.11 Using 
L H AQ H = {l-\d 2 x )Q N (see (|X5])), (12TT3D . (1X221) . / e(l - Xd 2 )Rj = 0, Proposition O and 
the definition of V (see Proposition 12. 2p . we obtain 



(d^e- £ + 2Ve + £ 2 )ARt 



By (|4.15p and ([S3]) , we have 



< Cy 2 e- y °||e|| i2 +C||e||£a < CY CT+z e -t r °. 



a+2 -|Y 



< C% <7 e~ 2y °. 



Next, we consider the term J E(V)Ji. From the definition of E(V) in (|2.16|) . the structure 
of V Q and V, see (|27fJ) and (I2TT21 (see also (|Bl2|> ). and (j4TTH|) . we have 



sup < (1 + e 2 



§(3-1/1 (*)) 



#00- ^(^-^-A/^a-Aa 2 )^^ 1 <C7 V 2r l (5.7) 
i=i,2 J 



Thus, by (|5.5p . we obtain 

Ji - ( m - yi - M) y [(1 - Ad 2 )^] Ji 



< CY CT e - 2y °. 



(5.J 



Finally, using /[(l - \dl)d x R x ] J x + /[(l - Ad 2 )Q]AQ < C\^(t)\ < Ce~^ Y ° and ([iTTHjl . 
we obtain (|5.3p . 

The proof for 4-j7 2 is exactly the same. □ 



5.2 Preliminary symmetry arguments 

First, we claim the following additional information obtained on the parameters of the solution 
U(t), under the assumptions of Proposition 14. 1[ 



Claim 5.2. For all t G [-T, T], 

|pi(t)-M2(-t)| <CY° +i e 



(5.9) 
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Proof of ISM. From gSD and Y(0) = 0, we have \m(0) - /x 2 (0)| < CY° +1 e~l Y ° . From 
(Q|> . |y(t) - < |y(t) - Y(t)| + |Y(t) - y(-t)| < CY CT+ Vf y °. Thus, by (lilHD and the 

expression of .Mj in (|2.9p . we obtain 

- {ae-wW +j9/xi(t)y(t)e-»W +<5 m (t) e -^}| < CY CT e - 2y °, 
(-t) - (ae^-*) +/3 At2 (-i)y(-i)e-^-*) +5/i2 (_i) e -v(-t)|| < CY CT e - 2r °, 



-A*2 



and so 



<CY CT+ Vt y °. 



It follows that for all t £ [-T, T] , |^ a (t) - /x 2 (— *)| < CY CT+3 e -i r °. 



□ 



The next lemma claims that if the asymptotic 2-soliton solution U(t) considered in Propo- 
sition HJ] has an approximate symmetry property (i.e. U(t, x) — U(—t + to, —x + xq) is small 
for some to, xq) then the corresponding decomposition parameters (i.e. T(t) in Proposition 
14. ip also have some symmetry properties, despite the fact that the decomposition itself is not 
symmetric (see the definition of V(t,x) in Propositions 12. Ill2,2p . 

Lemma 5.2. Let to, xo be such that \to\ < 1, |#o| — 1- Under the assumptions of Proposition 
for allte [-T, T], 



- M2(~* + *o)| + + 2/2(-i + to) ~ x \ 
< C(||C/(t,x) - U(-t + t , -x + x )\\m + y V 2y °). 



(5.10) 



In particular, assume that U(t,x) = U(—t + to, — x + xo) /or some to, %o> then 

|mi(*) - M2H + *o)| + + V2(-t + to) - ^o| < CY 5 e- 2Y °. (5.11) 



Remark 6. Assuming \\U(t,x) - U(-t + t ,-x + xo)\\ H i < CY CT+3 e ^ y o, jt follows f 
(I5.10P t/iat t/ie following hold 



rom 



po 



< cy 2 e -^° |t | < cy CT+3 e -3 



K 



(5.12) 



Indeed, on the one hand, estimate \xq\ < C7 2 e 2 y ° follows from (|4.5p taken at time t = to/2 
and (|5.1U|) taken at t = to/2. 

On the other hand, from ([53]) and (J57T2"j) . we /lave |/xi(t) - /x x (t - t )| < CY^e - ! 1 ' . 
Since Ml(*) > Ce~ y ° /or |t| cZose to 0, we obtain |t | < CY CT+3 e"2 y ° . 

Using Section 2, the proof is similar to the one of Lemma 5.2 in [31] and it is omitted. 

5.3 Lower bound on the defect 

In this section, we prove the following result. 

Proposition 5.1. Let A 6 (0,1). Under the assumptions of Proposition \J^f\ for a possibly 
smaller /iq > 0, there exists a constant c > such that, 



lirnmf ||to(i)||#i > cYoe 



Y 



t— >+oo 



Mi" - Mo > cY Q e" 



-t4 ~ Mo > cY e" 



(5.13) 
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Proof. The proof is the same as the one of Proposition 5.2 in [31] but we repeat it here since 
the argument is the key of the nonexistence of a pure 2-soliton solution. 

It suffices to prove the estimate on w(t). The estimates on the final parameters then follow 
from Lemma l4.1i 

Let e > arbitrary, and suppose for the sake of contradiction that 

liminf |Kt) || hi <eY e-^ Yo . (5.14) 
Step 1. We claim that for some T(t), X(t), for all iEl, 

\\U(-t + f(t), -x + X(t)) - U(t,x)\\ H i + \X(t)\ + e-^ Yo \T(t)\ < CeY e-^ Yo . (5.15) 
Proof of (|5.15p . By Lemma 14.11 it follows that 

< 4 - »o < Ce 2 Y 2 e~l Y °, < -(/i+ + // ) < Ce 2 Y 2 e~l Y °. 
In particular, for all t 

||Q M +(. - m (t)) + Q^{. - y 2 (t)) - (Q w (. - yi (t)) + Q_ M0 (. - y 2 (t)))\\m < Ce 2 Y,e~^. 
From (|5.14j) and the behavior of U, it follows that there exist 71, T 2 > T and X such that 
\\U(Ti,x) - U(-T 2 ,-x + X)\\ m < 2eY e-l Yo +Ce 2 Y 2 e-l Yo < 3eY e~l Y °, (5.16) 

for Yq large enough. From Proposition 14.21 it follows that there exist T(t) and X{t) such that 
(157T5D holds. 

Step 2. Conclusion of the proof of Proposition 15.11 Take < t% < t 2 such that Y(ti) = 
Y + l and Y(t 2 ) = Y + 2. Note that t 2 - h < Ce^ Y ° since Y > c e~5 y ° on [ti,t 2 ], for some 
c > 0. 

Note that for t E [-T, T], T(t) and X(t) are small by Proposition ^. 11 Applying Lemma [5. 2 1 
at t\ and t, for all t E [ti 5*2)1 we obtain (for Yq large enough depending on e) 

Mi) - M-t + f(t))\ + \ yi (t) + y 2 (-t + f(t)) - X(t)\ < CeY e-i Y °. 

By (I5TT5D . for all t E [h,t 2 ], we have \f(t) -T(ti)| < CeYbe^ y °, - X(*i)| < Cey e~ y ° 

and thus, 

vt e M 2 ], |/iaH + - M-< + r(*))| < Cee"! y °, 

|y 2 (-i + T(i x )) - - (y 2 (-i + f (i)) - X(i))| < Cey e- y ° 

Therefore, setting 

i/(t) = /ii(t) - /i 2 H + z(t) = ift(t) + i/a(-f + r(i x )) - 

we obtain 

\u(t)\ < CeYoe-'^ , \z(t)\ < CeY e~ y °. (5.17) 
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We claim 

\Ji(t)\ + \J 2 (t)\ < CY° +l e~i Y \ (5.18) 
j t (z(t) - {(6_i/(t) + (6- + d_)}e-"W) + (Ji(t) - j 2 (-t + < C e y e-i y °, (5.19) 

where ^ 

6_ = --(6i - 6 2 ), d_ = --(d x - d 2 ). 

Note that estimate (15.18|) is just (15.2p from Lemma 15.11 Assuming estimate (15.19P for the 
moment, we complete the proof of the Proposition. 

Integrating (|5.19j) on [ii^L using f|5.18|> and t 2 — t\ < Ce2 Y °, we obtain 



(5.20) 



(z(h) - {b-yih) + (6- + d_)}e~y^) - (z(t 2 ) - {b.y(t 2 ) + (&_ + d_)} e -^) 
< CeY e~ y °. 

Thus, by (I5TT7D . for fc = 1 + ^, (&_ / for A / 0), 

\(y(h) + fc)e"^* 1 ) - (y{t 2 ) + fc) e -^ fa )| < Cey e- y °. (5.21) 

But since Y(ti) = Yq + 1 and ^(£2) = ^0 + 2, (|5.2ip is a contradiction for e small enough and 
Yq large enough. 

Let us now prove (|5.19p . By (|5.3p and the expression of Mj in (|2.9p , we have 

yx = Ml _ ae -y _ 6 lMiye -2/ - d lMl e-« - Ji + O(Y CT+2 e-| y °), 

7 (5.22) 
y 2 = »2- ae' v - b 2f i 2 y e - y - d 2 ^ 2 e~ y - j 2 + O(Y CT+ V2 y °). 

Moreover, by (|5.17|) . we check 

-y(t) _ e -v(-t+f(tO)| < CeY e- 2Y °. (5.23) 
Thus, using again (|5.17p . we obtain 

m=m(t)-m(-t + T(t 1 )) 

= u(t) - (h - b 2 )ix iy e-y - (di - d 2 )fi ie -y - (Ji(t) - j 2 (~t + f(tx))) + o(y CT+2 e -i y °), 

Since \m + /x 2 | < CY Q 2 e~ Yo (see gSD), we have - < Cy o 2 e" y ° and thus, by |/x - y\ < 
Ce- Yo , we obtain |/i ie -» - lye^j < CT 2 e- 2y °. Therefore, 

i = !/ + + d_ye^ - ( ji(t) - j 2 {-t + f (ti))) + O(Y ° +2 e-l Y °), 

where < Cee~§ y ° from (f5TT7|) . Estimate (f5T9|) then follows. □ 
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A Appendix to the construction of an approximate solution 

A.l Linearized operator, identities and asymptotics for solitons 

Recall that we set 

Q„W = d + ,)0(y^x) where «,) = f-^ (A.l) 

satisfies 

Q" + Q 2 = Q and (Q'f + ^Q 3 = Q 2 . (A.2) 

We recall the following well-known spectral properties of L (see |45| and Lemma 2.2 from 
[29]) 

Claim A.l (Properties of the operator L). The operator L defined in L 2 (M) by 

Lf = -/" + f-2Qf 
is self-adjoint and satisfies the following properties: 

(i) First eigenfunction : LQz = — 

(ii) Second eigenfunction : LQ' = 0; the kernel of L is {c\Q',c\ G M}; 

(iii) For any function h G L 2 (M) orthogonal to Q' for the L 2 scalar product, there exists a 
unique function f G H 2 (W) orthogonal to (1 — Xd 2 )Q' such that Lf = h; moreover, if h 
is even (respectively, odd), then f is even (respectively, odd). 

(iv) Suppose that f G H 2 (R) is such that Lf G y. Then, f G y. 

(v) There exists c\ > such that for all f G H 1 ^), 

J(l-Xdl)Qf = J(l-Xdl)Q'f = (Lf, f) > ci\\f\\ 2 H ±. 

Claim A.2 (Preliminary computations on solitons). (i) Scaling. 

(l + A/,)Q / ;-(l + ^)Q / , + Q 2 t = 0. 

Set 
Then, 

AQ = AQ = Q + hl- X)xQ', 

o 2 i i (A.3) 

A 2 Q = A 2 Q = 7(1 - A)(l - A + \ 2 )xQ' + -(1 - A)VQ - -(1 - A)VQ 2 . 
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(ii) Linearized operator. Let 

L tl v = -{l + Xn)v" + (l + n)v-2Q fl v, Lv = L v = -v" + v-2Qv. (A.4) 

Then, 

L^Q^-Ql, V^ = -(1-A^)Q M , L^ = 0, (A.5) 

L <L = -lq + Q ( L QLX = - 2 Q + Iq\ Hm^= T l. (A.6) 



Q 3" Q' VQ/ 3^ ±00 Q 

(iii) Integral identities. 

jQ = jQ 2 > Jq 3 = IJq 2 , Jq ,2 = \Jq 2 , (a.7) 

|q 2 = 6, j AQ = ^(1 + X) j Q = 3(l + X), (A.8) 

I [(1 - Ad 2 )(AQ)]Q = A(i 5 + 10A - A 2 ), JqaQ = ^(3 + A), (A.9) 
/ Q 2 = (l + M )§(l + A/^ /" Q 2 f Q3 = (1 + Ai) f (1 + AM) | /" Q 3 
y(gp 2 = (l + M )§(l + A M )- y(Q') 2 , 

(iv) Pointwise identities. 

1 2p 2:e 

Q-Q' = e *(Q + Q') = 3 , e- x Q 2 = -Q 2 + 3(Q' + Q), (A.12) 

e -((AQ)'-AQ-^(l-A)Q) = -I(3-A)(Q / + g) + i(l-A)x(g 2 -2(Q' + Q)). (A.13) 

(v) Asymptotics 

Q{x) = 6e~ x - 12e' 2x + 0(e~ 3x ) at +00. (A.14) 
Proof, (i) First, we check that + xq) solves the following equation 

(1 + A/i)Q£(. + x ) - (1 + /i)Q„(. + so) + Ql(- + ^o) = 0. (A.15) 

Indeed, we have 



(1 + \n)Ql(x + i„) = (l + ,.) 2 <?" (y^±A(* + so) 



(1 + " )2Q + Io) ) - (1 + "> v ( V r^ (l + Io) 

(1 + f^Q^x + x ) - + x ). 
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We have by direct computations 



l + \ 1 (1 + ^)2(1- A) fl + Jt 



• x 



1 + XH J 2 (1 + A/x)l W 1 + Am 

The expressions of AQ and A 2 Q then follow. 

(ii) Differentiating (|A. 15|) with respect to fi and then with respect to xo, we obtain 

(1 + A/i)(AQ M )" - (1 + M )AQ„ + 2Q /t AQ^ = -XQ"^ + Q„, 
(1 + A/iXQp" - (1 + + 2Q fl Q' fi = 0. 

Let us check (|A.6|) . First, lini-too = =Fl is clear from the expression of Q. Next, we 
have, using (|A.2|) . 



gy g 2 3 



L ^ _ iq. _ % + 2(/ _ 5q< _ £ / _ 2Q _ ^. 



Thus, 

g ~ 3^ q ' ~ 3^ g' V ~g7 3 

(hi) These identities are readily obtained from (|A.2|) . Note for example: 
J [(I - \d 2 x )KQ]Q = j{Q + ^(1 - \)xQf){Q - XQ + Ag 2 ) 

= {i-x) j Q 2 + xj g3_I(i_A) 2 | g 2 -I(i_A)A I g 3 

= (i-A)(i-i + ^)/g 2 + ^(A-^ + ^)/g 2 = A (15 + ioA-A 2 ). 

The identities on J g 2 , f{Q'^) 2 and J g 3 follows directly from (jA.lj) . Now, we prove 
(jA.lip . We first observe that 

; d £(Q fl ) = JiQ'^AQ^' + Q^AQ^-QlAQ^ 



2dn 



is a consequence of (|A.15|) . multiplied by AQ^ and integrated over R. 

Then, we check ■^M(Q fl ) > 0. For \i small, the result is true by (|A.9[) and a perturbation 
argument. In fact, it is true for all fi > — 1 (see Weinstein [45]). Indeed, by the expressions 
of JidxQn) 2 and J g 2 , we have 

M(Q A4 ) = J A(g' M ) 2 + g 2 = i(| Q 2 )(l + // )§(l + A/x)-*(5 + A(l + 6/x)). 

Differentiating with respect to we find 

d 1 /* 3 

— M(g M ) = — (y g 2 )(l + ^)5(l + A/i)-i(15 + 10A-A 2 + 40A^ + 8AV + 24A 2 ^ 2 ) 
= g 2 )(l + M)^(l + A/x)-i (15(1 - A) 2 + 8A(1 + /i)(5(l - A) + 3A(1 + pi))) > 0. 
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(iv)-(v) These identities and asymptotic properties are easily obtained from the explicit 
expression of Q: 

g e x Q e -x g(gic _ e 2x^ 6(e~ 2a: — e~ x ) 

LJ{X) = -j— ■ —rz — / : TTn) ye \ x ) 



(e* + l)2 ( e -* + i)2' "* w (e* + l) 3 (e"* + l) 3 ' 

In particular, we observe that 

Q 2 = 36 6 =3^^ and so e~*Q 2 = -Q 2 + 3(Q' + Q). 

(e _:E + l) 4 e~ x + 1 

We obtain in particular 

10 J e~ x Q 3 = 9 J e- x Q 2 . (A.18) 

Moreover, 

e- x ((AQ)' -AQ- ~(1 - A)Q) = ~(3 - A)e-*(Q' - Q) + ~(1 - A)ze-*(Q" - Q') 

= -5(3 - A)(Q' + Q) + ~(1 - A)x(Q' + Q - e^Q 2 ). 

□ 

A. 2 Technical claim IAT31 
Claim A.3. 

5^ = «-(^-i*-^-i*) + ^ <A ' 19) 

Proof. We distinguish the two regions x — y 2 > | and x — 2/2 < | • 

- Case x-y 2 > \. For x > y 2 + f , we have i? 2 (M) = ee-^-wJ-f + OifT^*-* 1 )-**) from 
(IA.14[) in Claim W~2\ Thus, we obtain for such x, 

I i2i 3 i2 2 3 



2(a:-vi)-2j)'\ 



Note that fliOCe- 2 ^-^)- 2 *) = 3/2 . 

Next, it is a direct consequence of (|A.12p that 

Mi-ii^-l + ie-^)^ and M 2 + ii? 2 = 1 - V^ 2 . 
fll 3 3 i? 2 3 3 

In particular, for x > y 2 + f> we obtain 

<9z#2 1 „ 

^_2 + _ R2 = _ 1+0l/ , 

Therefore, we also obtain 

1 R d x R 2 1 
i?l 3 1 i? 2 3 



(A.20) 



i2ii2 2 - 18e"f ( - - ^ - -i? 2 ] = O3/2 



in this region. 

- Case x — yi < — | (or equivalently x — ?/i < — |). It is treated similarly. □ 
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A. 3 Proof of Lemma 12.11 

First, we claim the following estimates. 
Claim A. 4. The following holds (uj > 0) 



1 + _i , 1 n \^,.. 1 n wi , q\\..2 , ^^-|yo^ 



1 + \Hj 



= 1 + -(1 - X)fj,j - -(1 - A)(l + 3A)^ + 0(e" 

fl*(t,x) + |^(t,x)| < ^-(1-2^)1^-%^ 

1 



(A.21) 
(A.22) 

fl,-(t,a:) - ^Rj(t,x)+n j (t)AR j (t,x) + ^](*)A^(i,x) J ^ 

(1 + \x - yiT + \x - y 2 (t)|^) e -( 1 - 2 w)N-?/il e -(i-2Mo)k-!/2| = 0lj ( A-24 ) 
J(l + \x-y x \ u + \x- y 2 (t)\^)e^ 1 ~ 2 ^ x - y ^e-^- 2 ^ x -y^dx < C(l + (A.25) 
Proof. We have 



1 + 

1 + A/i,- 



(A.26) 



= 1 + -(1 - A)^ - -(1 - A)(l + 3A)^ 2 + 0($), 

and (IAT2T1) follows. Estimate (1A22J) is clear from Q(x) < Ce~^ and (lAT2T|) . 
Now, we prove (1A.23|) . using the Taylor formula (in the fj,j variable): 



Rj(t,x) = Rj(t,x) + Hj(t)ARj(t,x) + -n 2 (t)A 2 Rj(t,: 



+ -fjPJt) / (1-8) 



( d*Q» 



(x 



Vj)ds. 



Note that, from the proof of ()A.3|) and elementary computations: 



(x) 

\n=siij{t) 



< C(l + \x\ 3 )e 



-(1-2/^0)1^1 . 



(pT23|> follow. 

Proof of (|A.25|) . For y 2 < x < y\, we have 

e -(l-2jto)[a:-yi[ e -(l-2fJo)|a:-i/2| _ g-(l-2/io)2/ < Ce~ y , 

since (|2.5p implies 2^y(t) < C/iqYq < C for Yq large enough. 
For x > yi > y 2 , 

e -(l-2w)\x-Vi\ e -(l-2l*o)\x-V2\ = e -(l-2^)(2x- yi ~y 2 ) _ e - 2 (l~ 2 ^ )( x ~ yi ) e ~(l-2^)y(t) 

Arguing similarly for the case x < y 2 < yi, we prove (|A.24j) and (|A.25|) . 



□ 
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We continue the proof of Lemma 12.11 In order to expand F, we perform the following 
preliminary decomposition: 

F = 2R2d x Ri + 2R\d x R 2 



2R 2 [ d x Ri-j } + t 11 Ri) +2R 1 (d x R 2 + J } + ? 2 R 2 



ITAmi / " ^ V X 2 V TTxiT, 2 (A. 27) 



1 + Ml / 1 + , 

1\,\1\ 2 . 



1 + A/Xl V 1 + A//2 

Using COTj) and (TA~23l . we have 



d x Ri - yj l+^ Ri = d *( R i + ^ AR i) - (1 + |(1 - A)//i) + //iAi?i) + G 
= 0*1*1 - iJi + vi(d x AR l - ARi — ~(1 — A)l*i) + 6, 

where 

|6| + |G| < C|a*i| 2 (1 + \x - yi \ 3 )e~^- 2 ^ x -^. 
Thus, by (TA~22l) and (fOIj) . we obtain 



= 2(R 2 + M2AE2) [0*1*1 - l?i + ^i(0*(Al*i) - l*i - |(1 - A)l*i)] + 2 . 
Using (|A.14|) . (|A.3|) and x — y 2 = x — y\ + y, we obtain 



21* 2 (0,1*1 - yj ^^Rl 

= 12e-ye^ x -^ [1 + M2 (l - 1(1 - A)(x - yi + J/))] x 
x [0,1*1 - l*i + /xi(0*Al*i - Al*i - 1(1 - A)l*i)] + O a . 

Using flATUD , M and then (1231) . 



21* 2 (0,l*i - y i + ^ Ri) = -12e" y (0,l*i + i?i) 

+ 12/iie-^ [-1(3 - A)(0,l*i + l*i) + 1(1 - X)(x - yi ){R\ - 2(0, l*i + R x ))] 

- 12^(1 - 1 (1 - A)(x - i/i + y))(0,l*i + l*i) + 02 

= -12e- y {d x R x + l*i) - 6(1 - X)fx iy e- y (d x Ri + l*i) (A.29) 
+ 12/iie-" [-1(3 - A)(0,l*i + i?i) + 1(1 - A) (a; - yi)(i*? - 2(0, l*i + l*i))] 

- 12fi 2 e- y (l - 1(1 - A)(s - yi))(0,l*i + l*i) + 2 
= -12e- y (0,l*i + l*i) - 6(1 - X) f i l ye~ y (d x R 1 + l*i) 

+ 6/^(1 - A) [-(0,l*i + l*i) + (x- yi )(Rj - 3(0,l*i + l*i))] + 2 . 

Next, by similar computations, 



d x R 2 + yj Y^k R2 = 12e ~ y (- d * R * + ^2) + 6(1 - \)^ye-y(-d x R 2 + R 2 ) 
+ 6^ 2 e^(l - A) [(-0,1*2 + 1* 2 ) ~{x- y 2 ){R 2 2 - 3(-0,l* 2 + R 2 ))] + 2 
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Finally, using Claim lA~4l 

A. 4 Approximate antecedent of R X R 2 

Claim A. 5. Let xj = x — yj. Then 

d x (-dl(( Xl + x 2 )R 1 R 2 ) + (xi + x 2 )R 1 R 2 - 2{R X + i? 2 )(xi + x 2 )R x R 2 ) 
= 2R X R 2 - y(3(d x R x - + d x (R 2 ))R 2 + yi??c> x i? 2 
+ 2/(3(^2 + i? 2 ) + d x {Rl))R x - yi^-Ri 
+ 2[fl? - x x d x R\ - 3x x (d x R x - fli) - 3(i?i - d x Ri)}R 2 
+ 2[x x R 2 x -3(d x R x -R x )]d x R 2 

+ 2[i^ - x 2 flSr^ - %x 2 (d x R 2 + fl 2 ) - 3(i? 2 + d x R 2 )\R x 
+ 2[x 2 R 2 2 -3(d x R 2 + R 2 )]d x R x . 
Proof. For any two functions F x , F 2 , the following holds true 

d x (-dl(F x (x x )F 2 (x 2 )) + F x (x x )F 2 {x 2 ) - 2(i?! + i? 2 )(F 1 (x 1 )F 2 (x 2 ))) 
= ^ [F 2 (x 2 )(LF 1 )(x 1 ) + F x (x x )(LF 2 )(x 2 ) - 2F{(x 1 )i^(x 2 ) - F 1 (x 1 )F 2 (x 2 )] 
= (LF 1 ) / (x 1 )F 2 (x 2 ) + (LF 2 ) / (x 2 )F 1 (x 1 ) 

+ (LF X -F x - 2F?){x x )F^x 2 ) + (LF 2 - F 2 - 2F%)(x 2 )F{(x x ). 

Now, we apply formula (|A.31j) with F x = xQ and F 2 = Q. Note that (see Claim IAT21 (ii)) 

LQ = -Q 2 , LQ-Q- 2Q" = -3Q + Q 2 , 

L(xQ) = xLQ - 2Q' = -xQ 2 - 2Q\ 
L(xQ) -xQ- 2{xQ)" = -x(Q 2 + Q) - 2Q' - 2x(Q - Q 2 ) - 4Q' = x(-3Q + Q 2 ) - 6Q'. 
Thus, from (TOT]) 

d x (-d 2 (x x R x R 2 ) + x x R x R 2 - 2(R X + R 2 )x x R x R 2 ) 

= (R\ - x x d x R\)R 2 + x x R\d x R 2 - d x {R 2 2 ){x x R x ) + R\{R X + x x d x R x ) (A.32) 

— 5R X R 2 — 3x x d x R x R 2 — 3x x R x d x R 2 — 6d x R x d x R 2 . 
Similarly, 

d x {-d 2 x {x 2 R x R 2 ) + x 2 R x R 2 - 2{R X + R 2 )x 2 R x R 2 ) 

= (R 2 2 - x 2 d x R 2 2 )R x + x 2 R 2 2 d x R x - d x {R\){x 2 R 2 ) + R 2 X {R 2 + x 2 d x R 2 ) (A.33) 

- 5R 2 R X - 3x 2 d x R 2 R x - 3x 2 R 2 d x R x - 6d x R 2 d x R x . 
Therefore, summing up, 

d x {-d 2 x {{x x + x 2 )R x R 2 ) + (xi + x 2 )R x R 2 - 2{R X + i? 2 )(xi + x 2 )R x R 2 ) 
= {R 2 - x x d x R\)R 2 + x x R\d x R 2 - d x (R 2 )(x 2 R 2 ) + R\{R 2 + x 2 d x R 2 ) 
+ {Rl - x 2 d x Rl)R x + x 2 R 2 2 8 x R x - d x {Rl)(x x R x ) + R 2 2 {R X + x x d x R x ) (A.34) 

- WR X R 2 - \2d x R x d x R 2 

— 3x x d x R\R 2 — 3x x R x d x R 2 — 3x 2 d x R 2 R x — 3x 2 R 2 d x R x . 
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The terms in the last line of (|A.34p are handled as follows (recall that x 2 — x x = y) 
3x x d x R x R 2 + 3x x R x d x R 2 + 3x 2 d x R 2 R x + 3x 2 R 2 d x R x 

= 3x x (d x R x - Ri)R 2 + 3x x R x (R 2 + d x R 2 ) + 3x 2 {d x R 2 + R 2 )R 1 + 3x 2 R 2 {d x R x - R x ) 
= 6x x (d x R x - R X )R 2 + 3y(d x R x - R X )R 2 + 6x 2 (d x R 2 + R 2 )R X - 3y(d x R 2 + R 2 )R X . 

For the term \2d x Rid x R 2 in ([Oil , we observe 

\2d x R x d x R 2 = 6(d x R x - Ri)d x R 2 + 6(d x R 2 + R 2 )d x R x + 6R x d x R 2 - 6R 2 d x R x 
= 6{d x R x - Ri)d x R 2 + 6{d x R 2 + R 2 )d x R x 
+ 6(i? 2 + d x R 2 )R x + 6(i2i - d x R x )R 2 - 12R X R 2 . 

Thus, we obtain 

d x {-d 2 x {{x x + x 2 )R x R 2 ) + (xi + x 2 )R x R 2 - 2{R X + R 2 )( Xl + x 2 )R x R 2 ) 
= {R\ - x x d x R\)R 2 + xxR\d x R 2 - d x {R\){x 2 R 2 ) + R\{R 2 + x 2 d x R 2 ) 

- 6x x (d x R x - i?i)i? 2 - 6(^1 - Ri)d x R 2 - 6(R X - d x R x )R 2 

+ (R% - x 2 d x R\)R x + x 2 R\3 x R x - d x {Rl){x x R x ) + R 2 2 (R X + x x d x R x ) 

- 6x 2 (d x R 2 + R 2 )R X - 6(d x R 2 + R 2 )d x R x - 6(R 2 + d x R 2 )R x 
+ 3y(-d x R x + R X )R 2 + 3y(d x R 2 + R 2 )R X + 2R X R 2 

= 2R X R 2 - y(3(d x R x - R x ) + d x {R 2 ))R 2 + yR\d x R 2 
+ y(3(d x R 2 + R 2 ) + d x {Rl))R x - yR 2 2 d x R x 
+ 2[R\ - x x d x R\ - 3x x (d x R x - R x ) - 3(R X - d x R x )\R 2 
+ 2[x x R 2 x -3(d x R x -R x )]d x R 2 

+ 2[R 2 2 - x 2 d x R\ - 3x 2 {d x R 2 + R 2 ) - 3(R 2 + d x R 2 )}R x 
+ 2[x 2 R 2 2 -3(d x R 2 + R 2 )]d x R x , 
and the proof of Claim IA.5I is complete. □ 

B Modulation and monotonicity arguments 

B.l Proof of Lemma 13.11 

Let 

V{u ,y ) = {ueH 1 {R); inf ||u - V(x; (0, 0, y u y 2 ))\\ H i < u }, 

yi-y2>yo 

where V(x;T) is defined in Proposition 12.21 

Lemma B.l (Time independent modulation). There exist luq, yo > and a unique C 1 map 
T = ((J, X ,H 2 ,y X ,y 2 ) : V(uj ,yo) -> (0,oo) 2 x M 2 such that if u £ V(uJ,y ) for < to < u , 
Vo > Vo and 

e(x) = u(x) — V(x;T), 

then, for j = 1,2, 

f e(l - \dl)Q H {. - Vj ) = je(l - Xd 2 x )Q' N {. - Vj ) = 

y\ - y2 > yo - Cu, \\e\\ H i + M + |/x 2 | < Cu. 
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Proof. The proof, based on the implicit function theorem, is similar to the one of Lemma 8 
in [33] (see also [11] for the (|BBM|) case), the only difference being that the modulation uses 
the map (^i, fi2, yi, 2/2) l— * V(x; (fJ>i, fJ>2,yi,y2)) instead of the family of sums of two solitons. 
By the properties of V (see (|2.14j) and below (|B.2p ) and (|A.9p . the nondegeneracy condition 
is the same as in [11 j . □ 

The existence, uniqueness and continuity of F(t) is a consequence of Claim IBTT1 The C 1 
regularity of T(t) is obtained by standard regularization arguments and the equation of e(t) 
which is deduced easily from (|BBM|) and ()2.15p . 

Next, we prove the estimates on T(t), i.e. (|3.6p . omitting standard regularization argu- 
ments to justify the formal computations. First, we expand = 4r J e(l — Xd 2 )Rj. Using 
(pT4) . we obtain (k / j) 



() = | le{l-\dl)R 3 



j e(l - \dl)d t Rj + j\d 2 x e-e + 2Vs)d x R j + J e 2 d x Rj - J ERj 



- (Ai " I (1 - XdD^-Rj - {fi k - M k ) I (1 - Xdl) 



dfij 



^R 



dV 



+ (fij - y 3 - Mj) / (1 - \d*)——Rj + fa -y h - M k ) / (1 - Xd^—Rj. 



dyj 



dV 



dy k 



We claim the following estimates. 
Claim B.l. Assuming (|3.5p , 



R1R2 



<C(y+l)e-y, 



1,2, 



+ 



H 1 



dV 

— 1- d x Rj 

d Vj 



L°o y/y 



dV ~ 

— h o x Rj 

d yj 



< Ce 



(B.l) 



(B.2) 



H 1 



Indeed, under assumption (13. 5p . (jB.ip is a consequence of (|A.22p and (1A.25I) . and (|B,8P 
is a consequence of (|2.3p . (|2.12p and the properties of Aj, Bj and Dj (see (|2.ip ). 

By (lR2l . (|B~TT) . (I2T3D . L H Q'^. = (see Claim [O]) and /(l - Xd%)d x RjRj = 0, we get 



I 



= (ij e(l - A^)Ai?j + - / e(l - Xd x )d x Rj + ||e(t)|| L 20((y + l)e" 



+o(Nii 2 ; 



ERj 



(fij - Mj) / (1 - Xd^ARjRj + 0(e" 



+ (A fc -^ fe )0(y 2 e^) 



+ (/ij - - Mj)0{e- y ) + (/i fc - y fe - M k )0(ye- y ). 



Hence, by 



J* (1 — Xd%)ARjRj > c > (see (|A.9P ). for y large and e small, we get 
|Ai-^l<C[||£||^+ye-»||E|| i 2+ / \ER 3 \] 



+ Ce v \fij - yj -Mj\+ Cy 2 e v \(i k - M k \ + Cye y \/j, k -y k -Nh 



k • 
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Similarly, expanding = ^ J e(l — Xd x )d x Rj, we obtain 
\N-Vj-^j\ < C[\\e\\ L 2 + f \Ed x RjV[ 



i , 



+ C(||e|| L 2 + e-* v )\iij -Mj\ + Ce-2 y \(i k - M k \ + C ye - y \p k - y k - M k \. 
Combining these estimates, for y large and e small, (|3.6[) is proved. 



B.2 Proof of Proposition 13.11 

The proof of Proposition 13.11 is inspired by the proof of Proposition 3.1 in [31]. However, it 
is technically more involved in the BBM case. We refer to [37], [9], [11] and [32] for previous 
similar arguments for the (BBM) equation. 

The proof of (|3.1ip is standard, see for example Lemma 4 in [33] and [11]. Recall that it 
is based on coercivity property of the operator L under orthogonality conditions, see Claim 

EU(v). 

We continue with the following claim: 
Claim B.2. Let tp(x) be defined by (|3.7p . If a(x),b(x) E L 2 are such that a — Xd 2 a = b then 

(1 - (8p) 2 ) J a 2 ^ + 2A J (d x a) 2 ip' + A 2 J (<9 2 a)V < J b 2 ?'. (B.3) 

Indeed, integrating by parts and then using (|3.7p . 

u2,J — / („ \»2 \2,„/ _ / „2,J , n\ I fa „\2,J \ l „2, /// i \2 / fn2„\2,J 



&V = J {a- Xd z x af V ' = J aV + 2XJ (d x a) V - Ay aV' + X J (W V 
> (1 - (8p) 2 ) J aV + 2A J (^a)V + X 2 f (d 2 x a) 2 &. 

> Case Hi(t) > fJ>2(t). We first claim the following technical estimates, as consequences of 
3771) . (151511 . (H5J) and <m> . 



Claim B.3. 

||V-fli --R 2 ||l°° < Ce-f, (B.4) 

II^^Hloc < C(| m | + |At 2 |)e- 2w , (B.5) 

||($ - ^e-^-^WL- < C(| m | + M)e~ 2ra , (B.6) 

- ^ MiQAlU~ < CCI/iil + |/i 2 |)e~ 2w + Ce^, (B.7) 

~" ~ ' ' < Ce _!/ . (B.8) 



J'=l,2 
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Let 

~e~h + (M + | M2 | + \\e\\ L 2)(e- 2 ?y + ||e|| i2 )| + ||e|| L2 \\E\\ L *. 



Let us compute 4rJ r + (t): 



Ijf+V = f d ^ {-die + e-{{e + V) 2 - V 2 ) + [(1 - Ad 2 )(^)]) 
-xj (d x d t e)ed x $ + l -f d t $[X(d x e) 2 + e 2 ] 

- J 8 t V ((e + V) 2 -V 2 - 2Ve) =F 1 + F 2 + F 3 + F 4 . 

Observe that d x $ = {m - fj^tp' > by (|3TT2j) . 

Using (|3.4p and then by direct computations and estimates, we claim the following esti- 
mates, which imply immediately (13. 13[) . 

Claim B.4. 

Fx < -| J (d x e) 2 d x <S> - |y £ 2 d x $ - / e 2 ^^ + ^£2), 

+ ^ (/ij - A* 3 -) / e 2 ARj + ^ - i/j - Mj) j e 2 d x Rj + CQ (B.9) 

3=1,2 J j=l,1 J 

F ^<\f (d x e) 2 d x $ + e 2 d x $ + CO, (B.10) 
F 3 < CO, (B.ll) 
F 4<y e 2 {ii 1 d x R 1 + H2d x R 2 ) 



3=1,2 i=l,2 

Indeed, 



Fx = - y (-flge + £-((£ + F) 2 - U 2 )) (fc^e + e<9 x $) 

- y £(1 - Ad 2 )" 1 (-5 2 £ + £ + [(1 - Aa 2 )(£$)] - ((£ + V) 2 - V 2 )) 

- £ (fc - -M,) / |^ (-3 2 £ + e + [(1 - Ad 2 )(£<I>)] - ((£ + V) 2 - V 2 )) 

3=1,2 J 

+ E^-^-^i) f ^{-d 2 x e + E+[(l-Xdl){en-{(e + V?-V 2 )) 

7=1,2 7 °W 



3 

= -^1,1 + -2*1,2 + ^1,3 + 2*1,4- 

By (|3.7p . Claim lBT3l and several integration by parts, we get 



F 1A = -lj {d x efd x <$> -\j e 2 d x $ + \j Ue 2 V + ^£ 3 ) d x $ + ~ y £ 2 ^d> _ y <s>e 2 d x V 

< -| y (^£) 2 a x $ - i (1 - (4p) 2 - C||e|| H i) y £ 2 5^ - y e^A^i + M2^^j) 
+ C(| W | + | / , 2 |)||£|| 2 2 e-^ + Ce-^||£||| 2 ; 
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and 

\F 1>2 \ <C\\E\\ L2 \\e\\ L2 . 
For Fi )3 , we use (jB~2l) . (jX5]) . (EHJD and (|R6|) . so that 



[(1-A^)A^]$-[(1-A^)A^] M , 



and 



^1,3= E^'-^i) / ^A^+e- 2 ^(| / i 1 | + | / , 2 | + || £ || L2 )0(||e|| L2 ) £ l^-^'l- (B.13) 

j=l,2 J j=l,2 

Similarly, 

*i,4 = Yi^i-yi-W I e 2 ^ + e- 2ra (l^il + l/^2| + ||e||L 2 )0(lkllL 2 ) E -V/- 

J'=l,2 ^ J=l,2 

(B.14) 

Using (|3T5|) . dEl]) follows. 

Let zi, z 2 such that z\ — Xd 2 z\ = e, Z2 — Xd 2 z 2 = 2Ve + e 2 . Then, using the equation of e: 

F 2 = X J d 2 x {l- Xdl)' 1 ^ -e + 2Ve + e 2 )sd x $ + A J d x {l - Xd^Eed^ 

d x —ed x $ -X J2 Oj ~ Hi ~ Mi) / d x —ed x $ 
"''J ,j 1.2 ■' ay i 

= -^2,1 + -^2,2 + ^2,3 + -^2,4- 

F 2 ,i = -xJ d x (8 2 xZl + z 2 )d x ed x § -xj d x (d 2 xZl + z 2 )ed 2 x <5> -xj d 2 Zl ed x $ 



< 



2 

+ 2p 



X 2 {<%z x f + (d x e) 2 + 2X 2 (d 2 xZl ) 2 + \e 2 + AX 2 (d x z 2 ) 2 + \{d x e) 2 



d x $ 



X 2 (dlz l ) 2 + e 2 + AX 2 {d x z 2 ) 2 + \e 2 



by using Cauchy Schwarz inequality and (|3.7p . For p small enough, using Claim IBT21 and 
(IB, 5ft . we obtain 



2 „ „- 2 ra 



\F 2 ,i\ <\f {d x e?d x <S> +(1 + 8 P + C\\e\\ H i + CeA f e 2 d x <S> + C(H + MlkH^e 

< | J (d x efd x <& + e 2 d x <5> + Ce. 

The term F 2;2 is estimated as F\ j2 and by arguments previously used, we also obtain 1^2,3 1 + 
1^2,4 1 < CG. Thus, (IBTTO]) is proved. 



Next, 



^3 =2 / (fii<P + M2(l - ^)[A(^ £ ) 2 + e< 
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so that by \Mj\ < Ce~ y and $3M . 

\f 3 \ < c(e~y + £ |Ai - M^fm < ce. 

3=1,2 

Finally, by (jR8j) . 



(B.15) 



f 4 = - f a^ 2 = - / E (vARj-yi d *Kj s2 )+ ( e ~ y )\\4h 
= E / - E (Ai - ^i) / e2A ^- 

3=1,2 J i=l,2 

£ (/ ,. A'/) y e 2 ^- +0(e-»)[|e||^, 



3=1,2 

which proves (|B.12p . 

• Case m(t) < fi 2 (t). Since /i 2 (t) > we nave [I+^tJp - (l+^fflP ' - and 

$r3>2 < 0. Note also that by explicit computations, for fij small enough: 



d x §2 + 2§b*i 



< C(M + \n2\)d x $i 



(B.16) 



Let us compute ^T^{t): 

= j 9te {-d 2 x e +e-((e + V) 2 - V 2 )) $i - J dted x sd x ^ 
+ J {I - \d 2 x )d t ee<5> 2 -\J d x d t eed x <$> 2 



1 

+ 2 



(d x e) 2 +s 2 --({e + V) 3 -V 3 - 3V 2 e) \ d t ® x + [X(d x e) 2 + e 2 ]d t <f> 2 



- j d t V ((e + F) 2 - F 2 - 2Fe) $! = d + G 2 + G 3 + G A + G 5 + G 6 . 

Let z 3 be such that (1 — A<9 2 ),23 = e — d 2 e and z 4 be such that (1 — Xd 2 )z 4 = —2Ve — e 2 , so 
that by fl37 



5te = a x z3 + d xZA - (1 - Aa 2 )- 1 ^ - ^ 

3=1,2 



dV dV 



(B.17) 



Then, 



Gi = J d x (z 3 + z 4 )(z 3 + z 4 - Ad 2 (z 3 + * 4 ))*i 

- J(l - Xdlr'E {-d 2 x e + e-((e + F) 2 - F 2 )) $1 



9^ 



- £ (A, - Mj) [ ^- (-d 2 x e + e-((e + V) 2 - V 2 )) $! 
3=1,2 7 Mj 

+ E^-W--^i) /|^M 2 e + e-((e + F) 2 -F 2 ))<I>i 
3=1,2 3 oy i 

= Gi t i + Gx t 2 + Gi t 3 + Gi 5 4. 
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G 2 = - J d x (z 3 + z A )d x ed x ^ + J(l - XdD^EdxEd^ 

—d x ed x $ x - (»i ~ Vj-Mj) / -jr- d x ed x $ x 

r:>., 7 =1,2 ■' " !J i 



^2,1 + G 2 2 + G*2 3 + G*2 A- 



G 3 = J d x (-d 2 x e + e-({V + ef - V 2 ))e<$> 2 - J Ee<S> 2 

- y, - A 1 - ^f^ 2 + E - w -m A 1 - 

= G 3) \ + G3 ; 2 + G3,3 + G 3t 4. 

G 4 = ~xJ d 2 x {z 3 + Z4)ed x $ 2 + A y (1 - A^)" 1 ^^ 

^—£^$2 - A Y (H ~ Vj - Mi) / ^^-e^$ 2 

., ° l> > j 1.2 ■' ""J 

= (j4,1 + G^ 2 + G4 ; 3 + (^4,4. 

Note that the terms Gi^i G 2i 2, G 3> 2 and G^ 2 are readily controled by C||^||^2 \\s\\ L 2 . 

Now, we focus on G\ t i + G 2 ,i + G3,i + G^i. We denote by Gj the quadratic parts of 
G\^\ + G 2 ,i + G^i + G^i, i.e. the terms coming from the linear part of the equation. We have 

G 7 = J d x z 3 (z 3 - \dlz 3 )$i - J d x z 3 d x ed x <S>i 

+ f d x (-d 2 x e + e)e<S> 2 - X J d 2 x z 3 ed x <S> 2 

Then, using (^7|) . (IFTTBD 

G 7 = J (z 3 - Xd 2 x z 3 )d x z 3 ^ + (1 - ^) / 23^0**1 

+ a y ^3^*4*1 - $2) + a - ^ y «3^^*i + ^ y 

+ y 9 X (-Sge + e) e$2 

+ (1 - g) y ^(e - ^3 + A<9^ 3 R$i + 2je(e-z 3 - d 2 x e)d x <f> 2 

~\j {d x e) 2 d x <5>2 + \j e 2 dl$2 -\j e 2 d x $>2 + Cpf ({d x e) 2 + e 2 + («9,z 3 ) 2 + zf 
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Integrating by parts, using (|3.7p . (|B.16P and then choosing p small enough, we find 

Gi < (-- + ~) y + (-^ + y) / (w^i - 1 y (a^) 2 ^*! 

- ~ J e 2 d x ^ + ( 2 " ^) / *3e0**i + y ((fl^e) 2 + e 2 + (^z 3 ) 2 + 
< ~y e 2 0*$i - \ j {d x efd x ® x . 

The nonlinear terms in G\ t i + G 2> \ + G^i + G^i which contain d x $i or are treated 
by perturbation (for e small and y large) exactly as in the previous case, using the signed rest 
~T2 I £2 ^x^i - I f(d x £) 2 d x 3>i obtained above. 

In G^i, we are left with one cubic term — J e 2 d x V& 2 , which cannot be controlled by 0, 
nor by the rest term above, since $2 does not appear with a derivative. Thus, computing the 
main order of this term, and estimating the rest by G, we obtain 

G 1A + G 2 ,i + G 3 ,i + <3 4) i < - V j, ? j ® 2 [ £ 2 d x Rj + CO. (B.18) 
After some computations, similarly as before, we obtain 

1^2,31 + 1^2,41 + I ^3,3 1 + I ^3,4 1 + I ^4,3 1 + |G f 4 j 4| < C0, 

Gi, 3 + G 1>4 = (Ai " Mfivj f ARje 2 + ~ Vj ~ M i) v i I + °( )- (B ' 19) 

5=1,2 J j=l,2 J 



The term G5 is treated exactly as the term F3 so that |Gs| < CQ. Finally, using (|B.8p . 
the term Ga writes 



3 — 3 — 

- E - Vi ~ N i \ l + l l(t) y J d ^ 2 + °( )- 

3 —1)2 

(B.20) 

In conclusion, combining (|B.18p . (|B.19|) and (|B.20|) . we finish the proof of Proposition 13.11 
B.3 Proof of Proposition EOl 

By classical arguments (based on the implicit function theorem - see Lemma 13. 11 Lemma IB. II 
and [33J), there exists u\ > 0, yo > 1 such that if 

inf _ ||it(£) - Q-n (x - xi) - Qn (x - x 2 )\\ H i < UJ\ (B.21) 
xi-x2>yo 

then u{t) can be decomposed as follows 

u(t, x) = Ri(t, x) + R 2 (t, x) + e{t, x), (B.22) 

where 

R 1 (t,x) = Q- IMi {x-y 1 (t)), R 2 (t,x) = Q IMl (x-y 2 (t)) (B.23) 
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and yj(t) are C 1 functions uniquely chosen so that 

J £(t,x)d x R j (t,x)dx = 0. (B.24) 

Moreover, ||e||#i < Cu\. 

Let y{t) = yi(t) — V2(t)- By (|A.5p . the functions e(t, x) and Uj(t) satisfy the following 
equation 



(1 - \d 2 x )d t e + d x {d 2 x e -e + 2(R 1 + R 2 )e + e 2 ) = -2<9 x (i?ii? 2 ) 
+ ("Mo - yi)(l - \dl)d x Ri + (/i - y 2 )(l - \d 2 x )d x R 2 , 

and as in Lemma |3. H we obtain 



|(-l)Vo - Vj\ < C[\\e\\ m + e"f ], (B.26) 
where we have used (see (jA.ip and (|A.2[) ) 

J R 2 (t)Ri(t) < Ce-'^l (B.27) 

Proof of (I3,17p . For C* > 2 to be chosen later, assume (13.16P and define 

T* = sup jto < T < — (p/io) -1 | log^ol such that, for all to < t <T, u(t) satisfies (lB.2ip . 
||e(t)||Hi < C^ufio + ae- 4 ^°l*l and y(t) > ~p |i|}. 

Note that for C* large enough, T* is well-defined by (|3.16p and by continuity of u(t) in H . 

We prove that T* = — (ppo) I logpol) for C* large enough, assuming by contradiction 
that T* < — (yo/^o)" 1 1 log //o| an d working on the interval [io,T*]. 

First, we claim the following control of the scaling directions of e(t). 



Claim B.5. For all t G [t ,T% 



J e(t, x)(l — Xd 2 )Rj(t, x)dx 



< C[p 1 sup ||e||^i + supe * y + HqOj]. (B.28) 

[to A " [t A 



Proof of Claim \B~h\ Indeed, (|B.5P is obtained by expanding u(t) = Ri(t) + R 2 (t) + e(t) in 
the conservation laws (|1.2p and (|1.3p (i.e. M(u(io)) = M(-u(t)) and £(u(to)) = £(u(t))) using 
(|AT5|) . (TB~27P and (I3TT61) : 



Af (u(i )) = M(Ri(to)) + M(R 2 (t )) + 2 J s(t )(l - Xd 2 )Ri(t ) 

+ 2 J e(t )(i-A5 x 2 )7? 2 (t )+0(e^^«)) + 0(||e(to)|lii) 
= M(u(t)) = M(R x {t)) + M(R 2 (t)) + 2 y e(i)(l - XdDR^t) 

+ 2 1 ^)(l-A^)i? 2 (t) + 0(e-f^))+0(||^)||^); 
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- 2^ J s(to)(l - Xd 2 x )R 2 (t ) + O(e-f^)) + O(||s(to)||^) 
= f («(t)) = £(Ri(t)) + £ (Sa(t)) + 2/io y e(t)(l - A^)Si(t) 

- 2/xo / e(t)(l - AS 2 )E 2 (i) + 0(e-i"W) + 0(||e(t)||^); 



(B.29) 



Using M{Rj(t )) = M(Rj(t)), £(Rj{t )) = £(Rj(t)), and ||e(to)||ffi < C/zqw, we find (lB~28j) . 

□ 

Now, we use a functional .F similar to J 7 - . Let 
F(t) = y (9 :E e) 2 + e 2 -^((e + i!i+7? 2 ) 3 -(i?i+ii 2 ) 3 -3(i! 1 +i! 2 ) 2 e) ¥1(3) 

+ y [A(^£) 2 + e 2 ] ¥ 2 (a0, 
where, 93 being defined in (|3.7|) . 

* lW (l- M o) 2 + (l + /io) 2 ' 21 j (1-M) 2 (1 + Mo) 2 ' 

We perform similar (and simpler) computations as the ones of Propositions 13 . 1 1 and !3 . 1 1 (scaling 
parameters and §j are time independent here). We obtain, for some p > small enough 

jf{t) < C\\e\\ L2 {e- 2 Py\\e\\ L2 + e~&) . (B.30) 



From this point, the end of the proof is the same as the one of Proposition 3.2 in [31 J and it 
is omitted. 

Proof of (|3.18|) . It is completely similar. 

Proof of (|3.19|) . The asymptotic stability is a consequence of results in [27], [37], [9], [UJ and 



B.4 Proof of Proposition 14.21 

For X±,X 2 G M, let Ux x ,Xi. be the unique solution of (|BBM|) such that 

lim \\U Xl ,x 2 (t) - + Mo* ~ ATi) - Q w (x - /i * - X 2 )\\ H i = 0. (B.31) 

t — >— 00 

Then, for any Yy,Y 2 6 R, one has 

f/y^y^^x) = f/Xi,X 2 (i - T , X - X ) 

1 1 1 (B.32) 

where X = -(Yi - Xi) + -(F 2 - X 2 ), T = — ((X 2 - F 2 ) - (X x - y x )) . 

Z Z Z/io 

In particular, the map (X\,X 2 ) 1— > Ux 1 ,X2 1S smooth and 



9Ux u x 2 = / jy 1 dU Xl ,x 2 _ I9^xi 



( 1)3 2^ dT' 2 dx^' (B ' 33) 
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We assume T\ E (— T, T), the case |7i| > T being similar, and we prove the stability result 
for t £ (— oo,7i], the stability proof for t > T\ following from similar arguments. 
For C\ > 2 to be chosen, we define 



T* = inf{t < Ti ; such that for all t < t' < 

inf \\u(t') - U XuX2 (t')\\ m < d^o}- 

A1,A2 



(B.34) 



By the assumption on u(Ti), C\ > 2 and continuity of u{i) in if , T* < 71 is well-defined. 
We prove that T* = — oo by using a contradiction argument : we assume T* > — oo and 
we obtain a contradiction by strictly improving the estimate of mix 1 ,x 2 \\ u ~ Uxi&Wh 1 011 

te[T*,r x ]. ' " 

By Proposition 14.11 U Xlt x 2 is close for all time to the sum of two distant solitons. Thus, 
on [T*,7i], for u> small enough, we can use modulation theory (as in Lemma l3.ip to obtain 
(X 1 (t),X 2 (t)) G M 2 , such that 



u(t,x) = U(t,x) +i(t,x), U(t,x) = U Xl (t),X2(t)(t,x)> 



e(t,x)(l-Xd 2 ) 



dU 



= 1.2). 



(B.35) 



Moreover, e satisfies ||e(t)||^i < CC\uj^q, and 

(1 - \d 2 x )d t e + d x (d 2 x e -e + 2Ue + e 2 ) + ^ Xj(l - Ad; 

3=1,2 



dU 
x) dX~ 



0, 



and 



l*il + \x 2 \ < cm 



(B.36) 

(B.37) 
(B.38) 



Note that there exists j2j(t) and yj(t) such that for all t: 

\\u(t) - QaM x ~ VjMW* < CY e- Y °. 

3=1,2 

Moreover, as in Proposition 14. l\ there exists to such that fii(t) > fhif) if t > to an d /ii(t) < 
/^(t) if t < to- We assume that to < T* . 

To control e(t) on [to,^i] (i.e. to prove that T* < to), we use the functional 



P{t) 



(d x e) 2 + i 2 - U{e + Uf - U 3 - 3U 2 e) 



*1+ / [A(^£) 2 +£ 2 ] * 2 , 



for &j defined from jlj(t) as in (13.101) . 

We follow the same computations as in the proof of Propositions 13.11 and (|3.2[) . except 
that here there is no error term E(t,x), and no scaling parameter; thus we get 

Claim B.6. For all t <E [max(T*, t ),7i], 



p(t) > -c\\i 



L 2 



e v 2 



(C > 0), 



f(t)>\\\m\\h+cj2 

3=1,2 



§(t)(l-A^)Qfc (t) (z (A>0) 



e(t)(l-A^)Q fe(t) (a; 



(B.39) 
(B.40) 

(B.41) 
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We omit the proof of Claim [BTHI since it is the same as the proof of Claim B.5 in |31j . 

From (|B.39P , (jB.40p and (|B.41|) , and a continuity argument we deduce that T* < to • Note 
that the estimates on \X\ and \T\ come from (|B.37p and ()B.32D . 

Finally, to treat the case T* < to, i.e. to prove that T* = — oo, one uses another functional, 
similar to J- + . This completes the proof of Proposition 14.21 



C Appendix 

We write the transformation from equation (jl.ip to equation (jBBMp . Note that solitons for 
equation are of the form (c > 1) 



Kc,x (t,x) = Q c (x - ct - x ) where Q c (x) = (c - 1)Q ~~^~ X J ' 

For 1 < ci < C2 close, let U(t,x) be the unique solution of (jl.ip (see [11]) such that 

lim \\U{t)-Q Cl {.-c 1 t-x 1 )-Q C2 {.-c 2 t-x 2 )\\ m =0. (C.2) 

Let 

- 1 t , ^ \ 5 ~ 1 C 2 -C C-Cl 

c= -(ci + c 2 ), A = ^^, = - — - = - — -, (C.3) 
2 c c — 1 c — 1 

x' = A 1 / 2 f x - -1- V t' = ^-t, U(t',x') = ^-U(t,x). (C.4) 
VI — Ay 1 — A A 

Then, U(t,x) satisfies (jBBMp and it is the unique solution of (jBBMp such that 

lim \\U(t) - Q- M0 (. + /x t - yi) - Q M0 (. - Mo* - 2/2) || jyi = 0, 

t— >— 00 

where 

Indeed, for c > 1, xq £ a soliton lZ CjXo (t, x) = Q c {x — ct — xq) of (jl.ip transforms by (jC.4p 
into 

fl Cj2/ (i', *') = (^) (c " 1)Q (\/^ ( A ~^' + A ~ f I 1 " c (! " A )l " *o) J ■ (C5) 
Setting 

m = Mc) = y(c(i - A) - 1) = ^— ^, yo = A5x , (C.6) 

A c — 1 

one checks 



R c , y (t',x') = (1 + n)Q {\j i x ' - M*' - yo)^) = <2m( x ' ~ M* 7 - 2/o)- 
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